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Abstract

A spaceX is “sequentially n-connected” at x P X if for every 0 ¤ k ¤ n
and sequence of maps f1, f2, f3, � � � : Sk Ñ X that converges toward a
point x P X, the maps fm contract by a sequence of null-homotopies that
converge toward x. We use this property, in conjunction with the Whit-
ney Covering Lemma, as a foundation for developing new methods for
characterizing higher homotopy groups of finite dimensional Peano con-
tinua. Among many new computations, a culminating result of this paper
is: if Y is a space obtained by attaching an infinite shrinking sequence
A1, A2, A3, . . . of pn � 1q-connected CW-complexes to a one-dimensional
Peano continuum X along a sequence of points in X, then there is an in-
jection Φ : πnpY q Ñ

±
jPN
À

π1pXq πnpAjq that is canonical after a certain
choice of paths in X is made. Moreover, we characterize the image of Φ
using generalized covering space theory. As a case of particular interest,
this provides a characterization of πnpH1 _ Hnq where Hn denotes the
n-dimensional Hawaiian earring.
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1 Introduction

In the past two decades, the homotopy theory of Peano continua and the al-
gebraic theory of natural infinitary operations that arise in their homotopy
groups has witnessed incredible progress, led by the pioneering work of Katsuya
Eda. However, this progress has almost exclusively centered around funda-
mental groups and homotopy types of low-dimensional spaces. For instance,
Eda’s remarkable classification theorem [10] asserts that homotopy types of
one-dimensional Peano continua are completely determined by the isomorphism
type of their fundamental groups [10]. With the exception of the asphericity
of one-dimensional [8] and planar spaces [7] and the work of Eda-Kawamura
[12] on shrinking wedges of spaces like the n-dimensional Hawaiian earring Hn,
essentially no significant progress has been made in the effort to further charac-
terize higher homotopy groups that admit natural infinite product operations.
This stagnation is primarily due to the lack of techniques for suitably construct-
ing homotopies on higher dimensional domains. In this paper, we develop new
techniques that allow us to make new computations and, which, are expected
to support a renewed effort in developing the infinitary algebraic topology of
Peano continua. Three key new insights include the following:

(1) We introduce and study the sequentially n-connected property (Defini-
tion 2.15), which is closed under many important constructions (includ-
ing shrinking wedges and infinite direct products) and provides a robust
framework for extending methods from classical homotopy theory to the
infinitary setting.

(2) We introduce a process for constructing intricate homotopies by applying
the Whitney Covering lemma [27], a classical result in analysis which
ensures the existence of convenient cubical coverings of arbitrary open
sets in Rn.
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(3) We apply the generalized universal covering spaces introduced in [14] in
the same way that classical covering spaces are used to characterize higher
homotopy groups of non-simply connected spaces.

The primary obstruction to understanding higher homotopy groups of locally
complicated spaces is the difficulty in uniquely characterizing the homotopy class
of an arbitrary n-loop, i.e. a map f : Sn Ñ X. One must be able to replace f
with a homotopic map g : Sn Ñ X, which is structurally much simpler than f
or which satisfies some kind of special form. For instance, in classical homotopy
theory, if X is a CW-complex, then f may be replaced by a cellular map or if
X � X1 _X2 is a wedge of pn� 1q-connected spaces, then f is homotopic to a
product g1 � g2 where gi : Sn Ñ Xi is a based map.

In this paper, we overcome the lack of classical homological methods by con-
structing required homotopies by “brute force.” Indeed, Eda and Kawamura’s
work [12] has also suggested that there is little hope of circumventing such tech-
nicalities. These homotopies will typically deform infinitely many parts of a map
simultaneously and so the primary difficulty is identifying a construction that
is actually continuous. Although several of our proofs are quite technical, the
first two key insights mentioned above make our methods possible and intuitive.
In particular, “sequential n-connectedness” is a convenient sequential analogue
of a space being both n-connected and locally n-connected. We find that this
property is precisely what is required to employ an inductive process for con-
structing homotopies that realize infinite factorizations of arbitrary homotopy
classes.

To illustrate a concrete application of our methods, we focus on a particu-
lar construction: we begin with a Peano continuum X, a (possibly repeating)
sequence txjujPN in X, and a sequence of based spaces tpAj , ajqujPN. We con-
struct a space Y by attaching each Aj to X by identifying aj � xj and giving
Y a topology so that whenever a subsequence txjiu converges to x, the corre-
sponding attachment spaces Aji “shrink” toward x. We call the resulting space
Y a shrinking adjunction space and we often write Y � AdjpX,xj , Aj , ajq to
distinguish this decomposition of Y . For example, if X � r0, 1s, we can con-
struct a shrinking adjunction space Y by attaching an n-sphere of diameter 1

2m

at each dyadic rational j
2m , m P N, 0   j   2m � 1 (see Figure 1). One should

beware that (a) collapsing the arc X will not result in a weakly homotopy equiv-
alent quotient space Y {X and (b) Y does not satisfy the local contractability
condition used in [12]. Hence, completely new methods are required to address
what, deceivingly, appears to be only a small modification of the n-dimensional
Hawaiian earring Hn.

The culminating result of this paper is the following theorem, which allows
one to understand πnpY q as a subgroup of a product of the homotopy groups
of the attachment spaces Aj . In this result, X may be the Hawaiian earring,
Sierpinski carpet, or Menger curve, all of which fail to have traditional universal
covering spaces.

Theorem 1.1. Let n ¥ 2 and Y � AdjpX,xj , Aj , ajq be the shrinking ad-
junction space with basepoint y0 P X where X is a one-dimensional Peano
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Figure 1: An example of a shrinking adjunction space constructed by attaching
2-spheres attached to an arc along a dense set of points.

continuum and each pAj , ajq is an pn� 1q-connected CW-complex. Then there
is an injection

Φ : πnpY q Ñ
¹
jPN

¹
π1pXq

πnpAjq,

which is canonical after making a choice of a sequence of paths βj : pI, 0, 1q Ñ
pX, y0, xjq, j P N.

Moreover, we characterize the image of Φ in terms of the “whisker topology”
on generalized covering spaces. Theorem 1.1 was motivated, in part, to provide
a solution to the open problem of characterizing πnpH1 _ Hnq for n ¥ 2 (see
Figure 2). The primary difficulty embedded in this problem is the effect of the
Hawaiian earring group π1pH1 _ Hnq � π1pH1q on πnpH1 _ Hnq. Due to the
infinitary nature of π1pH1q, this effect is substantially more complicated than
the usual π1-action. Our analysis shows that πnpH1 _Hnq embeds canonically
into the group ZN�π1pH1q. In particular, πnpH1_Hnq is isomorphic to the group
of functions g : N�π1pH1q Ñ Z, which have finite support in the second variable
(and thus countable support overall) and for which trαs P π1pH1q | gpj, rαsq � 0u
has compact closure in π1pH1q with the whisker topology. See Example 6.24 for
more details. This characterization of πnpH1 _Hnq is canonical and suffices for
any computations or applications the author can imagine. Since it follows that
πnpH1 _ Hnq is cotorsion-free, a Fuchs-type decomposition [16] may provide a
non-canonical description of the isomorphism type of πnpH1_Hnq as an abelian
group.

Theorem 1.1 is proved as a special case of Theorem 6.17, which is the
strongest result in this paper. We avoid the statement of Theorem 6.17 here
since it involves some terminology to be developed later on. The new techniques
leading up to the proof of Theorem 6.17, particularly the factorization methods
in Sections 4 and 5 are expected to provide new methods for addressing several
other fundamental open problems in the field.

Finally, we remark that the length of this paper is a result of the substantial
technical hurdles that must be overcome to prove Theorem 6.17 (and conse-
quently Theorem 1.1). Sections 2 and 3 are dedicated to establishing required
notation, terminology, and constructions. With the exception of scattered re-
marks and examples intended to provide intuition and context for the reader,
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Figure 2: The space H1 _H2.

Sections 4, 5, and 6 develop a step-by-step approach to proving Theorem 6.17.

Acknowledgments: The author thanks Katsuya Eda for conversations and
questions that helped motivate this project.

2 Infinite products in homotopy groups

All topological spaces in this paper are assumed to be Hausdorff. Throughout,
I denotes the unit interval r0, 1s and Sn � Rn�1 denotes the unit n-sphere with
basepoint en � p1, 0, 0, . . . , 0q. If X and Y are spaces, then Y X will denote the
space of continuous functions X Ñ Y with the compact-open topology. Gener-
ally, cy P Y

X will denote the constant map at y P Y . If A � X and B � Y ,
then pY,BqpX,Aq will denote the subspace of Y X consisting of maps f : X Ñ Y
satisfying fpAq � B. For a based space pX,xq, we let ΩnpX,xq denote the
relative mapping space pX,xqpI

n,BInq so that πnpX,xq � π0pΩ
npX,xqq is the

n-th homotopy group. We refer to elements f P ΩnpX,xq as n-loops, which may
also be viewed as based maps pSn, enq Ñ pX,xq using a fixed choice of home-
omorphism In{BIn � Sn. More generally, rpX,xq, pY, yqs will denote the set of
pointed-homotopy classes of maps pX,xq Ñ pY, yq. We say that a homotopy
H : X � I Ñ Y is constant on A � X (or is relative to A) if for all x P A,
Hpx, tq is constant as t varies.

For 0 ¤ m ¤ n, the term m-cube will refer to subsets of In of the form
R �

±n
i�1 Ci where Ci is a closed interval for m-values of i and a single point

for the other n�m values of i. A subset of R of the form F �
±n
i�1Di where

Di is either Ci or one of the two boundary points of Ci is called a face of R.
Specifically, F is a p-face of R if F is a p-cube. Generally, we will use the term
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boundary of a subset A � In to mean the topological boundary BA in In. The
face-boundary of a k-cube R, denoted bdpRq, is the union of the pk� 1q-faces of
R. Certainly, BR � bdpRq for any n-cube R � In and BR � H for all k-cubes
with k   n.

Given two n-cubes R �
±n
i�1 Ci and R1 �

±n
i�1 C

1
i in In and maps f : RÑ

X and g : R1 Ñ X, we write f � g if f � g�h for a homeomorphism h : RÑ R1,
which
• maps each m-face of R onto an m-face of R1,
• maps each 1-face

±n
i�1Di with non-degenerate component Dj to the 1-

face
±n
i�1D

1
i of R1 with non-degenerate component D1

j by a map whose
j-th component Dj Ñ D1

j is increasing.
Such a map h need not be affine but the second condition ensures that h maps
0-faces to 0-faces and never rotates or changes the orientation of any p-face. For
example, let LR,R1 : RÑ R1 denote the canonical map, which is increasing and
linear in each component. If f � g � LR,R1 , then f � g. If f : pR, BRq Ñ pX,xq
is a map, and if it does not cause confusion, we will identify f with the n-loop
f � LIn,R P ΩnpX,xq and still refer to f as an n-loop.

Given maps f1, f2, . . . , fm P ΩnpX,xq, the m-fold concatenation
±m
i�1 fi �

f1 �f2 � � � fm is the map pIn, BInq Ñ pX,xq whose restriction to Ri �
�
i�1
m , im

�
�

In�1 is fi�LRi,In . If f P XIn , then the map f� P XIn defined by f�pt1, t2, . . . , tnq �
fp1� t1, t2, . . . , tnq is called the reverse of f .

Remark 2.1. If f P ΩnpX, yq and α : I Ñ X is a path from x to y, then
there is a canonical map α � f P ΩnpX,xq that corresponds to the action of the
fundamental groupoid on

²
aPX πnpX, aq. In particular, pα � fq|r1{3,2{3sn � f

and pα � fqpBprs, 1 � ssnqq � αp3sq for s P r0, 1{3s. We refer to α � f as the
path-conjugate of f by α.

We will later be confronted with the situation where an n-loop f and path
α appear together as a map g : In � t1u Y pBInq � I Ñ X where gpx, 1q � fpxq
and gpx, tq � αptq if px, tq P pBInq � I. When this occurs, we note that there is
a canonical piecewise-linear map r : In� I Ñ In�t0uY pBInq� I that retracts
the pn�1q-cube down onto the “hollow box without a top,” specifically, so that
rpx, 0q � pα � fqpxq.

A Peano continuum is a connected locally path-connected compact metric
space. The Hahn-Mazurkiewicz Theorem [23, Theorem 8.14] implies that a
Hausdorff space is a Peano continuum if and only if there exists a continuous
surjection I Ñ X. Given any path-connected Hausdorff space X and x0 P X,
the n-th homotopy group πnpX,x0q is isomorphic to the canonical directed limit
limÝÑAPC πnpA, x0q where C is the directed set of Peano continua in X containing

x0 (and directed by inclusion). This fact justifies our primary interest in Peano
continua, although many of our results will apply far more generally.

2.1 Infinite products over n-domains

Definition 2.2. An n-domain is a set R of n-cubes in In whose interiors are
pairwise disjoint, i.e. intpRq X intpR1q � H if R � R1 in R.
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Notice that n-domains are always countable. Sometimes, we may have need
to index R as tRk | k P Ku where K is well-ordered.

Definition 2.3. Let R be an n-domain. We say that R is a locally finite cover
of a subset A � In if

�
R � A and for fixed R P R, R X R1 � H for at most

finitely many R1 P R.

Definition 2.4. If tfkukPK � Y X is a collection of maps indexed by a countable
set K, we say that tfkukPK clusters at a point y P Y if for every neighborhood U
of y, we have Impfkq � U for all but finitely many k P K. If K is a well-ordered
set, we may say that tfkukPK converges to the point y since tfkukPK clusters at
y if and only if tfkukPK converges to the constant map cy in Y X .

Since Y is assumed to be Hausdorff, a set of based maps tfkukPK � pY, y0q
pX,x0q

can only cluster at the basepoint y0.

Definition 2.5. Let R be an n-domain and consider a set tfRuRPR � ΩnpX,x0q
that clusters at x0. The R-concatenation of tfRuRPR is the map

±
R fR P

ΩnpX,x0q whose restriction to R P R is fR �LR,In and which maps Inz
�

R to
x0.

If R is infinite, then the assumption that tfRuRPR clusters at x0 is required
for the R-concatenation to be continuous. The following theorem is an infinite
commutativity result based on the work of Eda-Kawamura [12], which was re-
fined and extended in [4]; it will play a crucial supporting role in the current
paper.

Theorem 2.6 (Infinitary n-Cube Shuffle). Suppose R and S are n-domains
and tfRuRPR and tgSuSPS are subsets of ΩnpX,x0q that cluster at x0. If there
is a bijection φ : R Ñ S such that fR � gφpRq for all R P R, then we have±

R fR �
±

S gS by a homotopy (rel. BIn) with image in
�
RPR ImpfRq.

Definition 2.7. The standard n-domain is the n-domain R � tRk | k P Nu
where Rk �

�
k�1
k , k

k�1

�
� In. The infinite concatenation of a sequence tfkukPN

in ΩnpX,xq that converges to x is the R-concatenation
±

R fk where R is the
standard n-domain. We will typically denote this n-loop as

±8
k�1 fk.

The following “n-domain shrinking” result is a modest generalization of [4,
Lemma 2.3]. Since the proof is straightforward and essentially the same, we
omit it.

Lemma 2.8 (n-domain shrinking). Let f : In Ñ X be a map and R � tRk |
k P Ku be an n-domain such that for every k P K, there is a point xk P X such
that fpBRkq � xk. If S � tSk | k P Ku is a sub-n-domain of R, i.e. Sk � Rk
for all k P K, then there is a map g : In Ñ X such that
• g agrees with f on Inz

�
kPK intpRkq,

• for all k P K, gpRkz intpSkqq � xk and g|Sk � f |Rk ,
• f is homotopic to g by a homotopy that is constant on Inz

�
kPK intpRkq

and which maps Rk � I into fpRkq.

7



2.2 Sequential homotopy

Definition 2.9. Let tfmumPN, tgmumPN be sequences of maps X Ñ Y both of
which converge to y0 P Y . We say that tfmumPN and tgmumPN are sequentially
homotopic (and write tfmumPN � tgmumPN) if there exists a sequence of free
homotopies Hm : X � I Ñ Y , m P N from fm to gm such that tHmumPN
converges to x. We refer to the sequence tHmumPN as a sequential homotopy.
We also define the following terms:
• If tfmumPN is sequentially homotopic to a constant sequence tcy0umPN of

constant maps, then we say that tfmumPN is sequentially null-homotopic.
• If A � X and tfmumPN � tgmumPN by a sequential homotopy tHmumPN

such that, for all m P N, Hm is the constant homotopy on A, then we
say that tfmumPN and tgmumPN are sequentially homotopic rel. A. In
particular, if A � tx0u and fm, gm P pY, y0q

pX,x0q for all m P N, then we
say tfmumPN and tgmumPN are sequentially homotopic rel. basepoint.

• If a sequence tfmumPN in pY, y0q
pX,x0q is sequentially homotopic rel. base-

point to the constant sequence tcy0umPN, we say tfmumPN is sequentially
null-homotopic rel. basepoint.

The various notions of sequential homotopy define equivalence relations on
the relevant sets of convergent sequences of maps. The set of pointed-sequential
homotopy classes of maps pX,x0q Ñ pY, y0q will inherit natural group structure
whenever the usual set of pointed-homotopy classes does.

Remark 2.10 (Infinite horizontal concatenation). If tHmumPN is a sequential
homotopy of sequences tfmumPN and tgmumPN in ΩnpX,xq that converge to x,
then we may define a infinite horizontal concatenation of tHmumPN as follows:±8
m�1Hm is the map In � I Ñ X whose restriction to Rm �

�
m�1
m , m

m�1

�
�

In�1�I is Hm �LRm,In�1 and which maps t1u�In�1�I to x. Then
±8
m�1Hm

is a homotopy rel. BIn between
±8
m�1 fm and

±8
m�1 gm (See Figure 3).

Remark 2.11 (Infinite vertical concatenation). In some of our more technical
results, we will be required to form infinite “vertical composition” of homotopies.
Suppose that tgpupPN Ñ g8 in ΩnpY, y0q (with respect to the compact-open
topology). Suppose that Gp : In � I Ñ Y is a homotopy rel. BIn from gp to
gp�1. Exponential laws of mapping spaces imply that Gp corresponds uniquely
a path αp : I Ñ ΩnpY, y0q from gp to gp�1. If tαpupPN converges to g8 in
the sense of Definition 2.4, then we may form the infinite path concatenation
α8 �

±
pPN αp : I Ñ ΩnpY, y0q, which satisfies α8pp�1

p q � gp and α8p1q � g8.
Now α8 corresponds uniquely to a homotopy G8 : In � I Ñ Y from g1 to g8.
Moreover, G8px, p�1

p q � gppxq for all p P N and G8px, 1q � g8pxq. When G8
exists and is continuous, we refer to it as the infinite vertical concatenation of
the homotopies tGpupPN (See Figure 4).

In practice, vertical infinite compositions are more difficult to construct than
their horizontal counterparts. Generally, we will construct non-trivial infinite
vertical concatenations in the following scenario: Consider a sequence tgpupPN
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Figure 3: The domain of an infinite horizontal concatenation of homotopies
H1, H2, H3, . . . of 2-loops.

in ΩnpY, y0q constructed so that there a nested sequence of closed sets C1 �
C2 � C3 � � � � such that

C �
£
pPN

Cp �
£
pPN

intpCpq � H

and such that gp�1 agrees with gp on Inz intpCpq. Suppose we have constructed
a function g8 : pIn, BInq Ñ pY, y0q and a continuous homotopy Gp : In�I Ñ Y
from gp to gp�1 such that:

(1) for every p P N, Gp is the constant homotopy on Inz intpCpq,
(2) if x P InzC, then g8pxq is the value of the eventually constant sequence

tgppxqupPN,
(3) pg8q|C : C Ñ Y is continuous,
(4) if txpupPN Ñ x with xp P Cp, then every neighborhood of g8pxq must

contain Gpptxpu � Iq for all but finitely many p P N.
Under these four conditions, the vertical infinite concatenation G8 of the se-
quence tGpupPN (with G8px, 1q � g8pxq) is well-defined and continuous. Since
we will refer to this situation multiple times and since verifying continuity of
G8 is not entirely trivial, we give a proof below.

Lemma 2.12. Consider a sequence of n-loops tgpupPN in ΩnpX,x0q and homo-
topies Gp from gp to gp�1 satisfying Conditions (1)-(4) in Remark 2.11. Then
the map g8 and the infinite vertical concatenation G8 : In � I Ñ Y of the
sequence tGpupPN are continuous.

Proof. First, we check that g8 is continuous. Since gp is continuous, Condition
(2) implies that g8 is continuous on the open set InzC. By Condition (3),
g8|C : C Ñ Y is continuous. Therefore, it suffices to consider the following
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Figure 4: The domain of an infinite vertical concatenation of homotopies
G1, G2, G3, . . . that converge to 2-loop g8

situation. Suppose txiuiPN Ñ x where x P C and xi P I
nzC for all i P N. Let U

be an open neighborhood of g8pxq in Y . Since x P C �
�
pPN intpCpq, we may

replace txiuiPN with a cofinal subsequence in intpC1q. Find pi P N such that
xi P CpizCpi�1. Then Gpipxi, 1q � gpi�1pxiq � g8pxiq. If tpiuiPN was bounded
above by q P N, then x P intpCq�1q but xi R intpCq�1q for all i; a contradiction
of txiuiPN Ñ x. Therefore, tpiuiPN Ñ 8. If Gpipxi, 1q R U for infinitely many
i, then, we replace tpiuiPN by an increasing subsequence. Assuming p1   p2  
p2   � � � , we can define xp � x whenever p R tp1, p2, p3, . . . u. This gives a
sequence txpupPN Ñ x with xp P Cp and Gppxp, 1q R U for infinitely many p; a
violation of Condition (4) Therefore, we must have g8pxiq � Gpipxi, 1q R U for
all but finitely many i P N. This gives tg8pxiquiPN Ñ g8pxq, completing the
proof of the continuity of g8.

The vertical concatenation G8 is well-defined by assumption. Conditions
(1) and (2) imply that the only non-trivial case to check is the continuity of
G8 at points in C � t1u. In particular, since we have already established the
continuity of g8, we only need to consider a sequence tpxi, tiquiPN Ñ px, 1q
with x P C and such that G8pxi, tiq � g8pxiq for all i P N. In particular, we
may assume ti   1 for all i. Condition (4) allows us to reduce to the case where
xi R C for all i P N. Since x P intpC1q, we may replace tpxi, tiquiPN with a cofinal
subsequence to find qi P N such that xi R CqizCqi�1 and tqiuiPN Ñ8. Let U be
a neighborhood of G8px, 1q � g8pxq in Y . We will show that G8pxi, tiq P U
for all but finitely many i P N.

Find pi P N such that ti lies in the domain of Gpi , i.e. ti P
�
pi�1
pi

, pi
pi�1

�
.

Write si � L
In,

�
pi�1

pi
,
pi
pi�1

�ptiq so thatGpipxi, siq � G8pxi, tiq. SinceGpipxi, siq �

g8pxiq, Conditions (1) and (2) ensure that pi ¤ qi and xi P CpizCqi�1. Since
ttiuiPN Ñ 1, we have tpiuiPN Ñ 8. Suppose, to obtain a contradiction, that

10



G8pxi, tiq P U for infinitely many i. Replacing tpxi, tiquiPN with a subsequence,
if necessary, we may assume that p1   p2   p3   � � � . Now G8pxi, tiq �
Gpipxi, siq where xi P Cpi . Define ap � xi when p � pi and ap � x otherwise.
Similarly, define up � si when p � pi and up � 1 otherwise. Now we have a se-
quence ap P Cp such that tapupPN Ñ x but for which Gppap, upq R U for infinitely
many p; a violation of Condition (4) We conclude that G8 is continuous.

Typically, we will apply the above situation when each Cp is a disjoint union
of finitely many n-cubes.

2.3 Shrinking wedges

To streamline our application of sequential homotopies, we employ the well-
known notion of a shrinking wedge of based spaces.

Definition 2.13. The shrinking wedge of countable set tpAj , ajqujPJ of based

spaces is the space ��jPJpAj , ajq whose underlying set is the usual one-point

union
�
jPJpAj , ajq with canonical basepoint b0. A set U is open in ��jPJAj if

• U XXj is open in Aj for all j P J ,
• and whenever b0 P U , we have Aj � U for all but finitely many j P J .

When the basepoints and/or indexing set are clear from context, we may write

the shrinking wedge as ��JAj . The special case Hn � ��
NS

n is called the
n-dimensional Hawaiian earring (see Figure 5).

Figure 5: The 2-dimensional Hawaiian earring H2, which appears in the work
of Barratt-Milnor [2].

Typically, we will identify H0 ���NpS
0, 1q with the space t1, 1{2, 1{3, . . . , 0u

consisting of a single convergent sequence and basepoint 0. Since ΣHn�1 � Hn
for all n P N, rpH1, b0q, pX,xqs is a group and rpHn, b0q, pX,xqs is an abelian
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group for all n ¥ 2. Some authors have referred to these groups as “Hawaiian
groups” [1, 18, 19]. If `j : Sn Ñ Hn denotes the inclusion of the j-th sphere,
then there is a canonical function Θn : rpHn, b0q, pX,xqs Ñ πnpX,xq

N given by
Θnprf sq � prf � `1s, rf � `2s, rf � `3s, . . . q, which is a homomorphism for n ¥ 1.

Remark 2.14. If pX,xq is a based space and f : p��NX, b0q Ñ pY, yq is a
based map, then the restriction fj : X Ñ Y to the j-th summand in the
shrinking wedge forms a sequence tfjujPN that converges to y. Conversely,
every sequence tfjujPN in pY, yqpX,xq that converges to y uniquely determines a

map f : ��NX Ñ Y , which is defined as fj on the j-th summand. If X is locally
compact Hausdorff, then exponential laws for mapping spaces give the existence

of a canonical homeomorphism pY, yqp�
�

NX,b0q � ppY, yqpX,xq, cyqpH0,0q of mapping
spaces. In the case X � Sn, this means pY, yqpHn,b0q � pΩnpY, yq, cyq

pH0,0q

2.4 Sequential connectedness properties

Recall the k-dimensional Hawaiian earring Hk and function Θn : rpHn, b0q, pX,xqs Ñ
πkpX,xq

N from the previous section.

Definition 2.15. Let X be a topological space and n ¥ 0.
(1) We say a space X is sequentially n-connected at x P X if rpHk, b0q, pX,xqs

is trivial for all 0 ¤ k ¤ n.
(2) We say a space X is πn-residual at x P X if Θn : rpHn, b0q, pX,xqs Ñ

πkpX,xq
N is injective.

(3) We say a space X is πn-finitary at x P X if ΘnprpHn, b0q, pX,xqsq lies in the
weak direct product πnpX,xq

pNq consisting of finitely supported functions
NÑ πnpX,xq.

(4) We say a space X is n-tame at x P X if, for all 0 ¤ k ¤ n, X is πn-residual
and πn-finitary at x.

Let P be one of the four pointed properties above. We say a based space pX,xq
has property P if and only if X has property P at x. We say an unbased space
X has property P if and only if X has property P at all of its points.

Certainly, we have the following implications.

πk-residual, 0 ¤ k ¤ n

sequentially n-connected
"*
n-tame

�n-connected

bj

2:

$,
πk-finitary, 0 ¤ k ¤ n

All four of the above properties are sequential analogues of known properties.
As properties of based spaces, each one is an invariant of pointed-homotopy
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type but not of (free) homotopy type. Frequently, we will understand the these
properties in terms of convergent sequences of n-loops. We take a moment to
explain this connection for each property.

Remark 2.16 (Sequential n-connectedness). A space X is sequentially n-
connected at x if and only if every sequence of based maps fj : Sk Ñ X, j P N
that converges to x P X is sequentially null-homotopic rel. basepoint. By con-
sidering eventually constant sequences, it is clear that if X is path connected
and sequentially n-connected at some point, then X is n-connected. The se-
quentially n-connected property is similar, but not equivalent, to the conjoined
property “locally n-connected and n-connected.”

Remark 2.17 (πn-residual spaces). A space X is πn-residual at x if and only
if every sequence tfjujPN of n-loops in ΩnpX,xq that converges to x and where
each fj is null-homotopic in X is sequentially null-homotopic rel. basepoint.
This property is the sequential version of the n-dimensional analogue of the “1-
UV0 property” introduced in [5]. This property has little to do with the groups
πnpX,xq and more to do with the existence of “enough small null-homotopies”
near x.

Remark 2.18 (πn-finitary spaces). A space X is πn-finitary at x if and only if
for every sequence of n-loops fj : Sn Ñ X, j P N that converges to x P X, there
exists j0 P N such that tfjuj¥j0 is sequentially null-homotopic rel. basepoint.
This property is the sequential analogue of the n-dimensional version of the
semilocally simply connected property. Intuitively, X is πn-finitary at x if there
are no non-trivial infinite products in πnpX,xq.

Remark 2.19 (n-tame spaces). A space X is n-tame at x if and only if for
every for all 0 ¤ k ¤ n and every sequence of maps fj : Sk Ñ X, j P N that
converges to x P X, there exists j0 P N such that tfjuj¥j0 is sequentially null-
homotopic rel. basepoint. Intuitively, if X is n-tame, then the groups πkpX,xq,
0 ¤ k ¤ n are completely “tame” and the groups rpHk, b0q, pX,xqs, 0 ¤ k ¤ n
detect nothing more than the usual homotopy groups in the sense that Θk maps
rpHk, b0q, pX,xqs isomorphically onto

À
jPN πkpX,xq. Certainly, manifolds and

CW-complexes are n-tame at all of their points (for all n ¥ 0).

In the next proposition, we identify the local analogues of the πn-residual
and πn-finitary properties. The proof is straightforward so we omit it.

Proposition 2.20. Suppose X is first countable at x P X. Then
(1) X is πn-residual at x if and only if for every neighborhood U of x, there

exist a neighborhood V of x such that

kerpπnpV, xq Ñ πnpX,xqq ¤ kerpπnpV, xq Ñ πnpU, xqq

where the homomorphisms are those induced by inclusion,
(2) X is πn-finitary at x if and only if there exists a neighborhood U of x

such that the homomorphism πnpU, xq Ñ πnpX,xq induced by inclusion is
trivial.
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The proofs in the remainder of this paper will make clear why sequential
properties are far more practical than their local counterparts. Conveniently,
three of these four properties agree in the 0-dimensional case (in the presence
of path-connectivity). The following lemma will provide a foundational case for
higher dimensional situations later on.

Lemma 2.21. For any space X, the following are equivalent:
(1) X is sequentially 0-connected at x P X,
(2) X is path connected and 0-tame at x P X,
(3) X is path connected and π0-residual at X,

(4) every sequence of (unbased) maps tfkukPN � XS0

that converges to x is
sequentially null-homotopic,

(5) for every convergent sequence txkukPN Ñ x, there exists a path α : I Ñ X
such that αp1{kq � xk and αp0q � x.

Proof. (1) ñ (2) ñ (3) is clear and (3) ñ (1) follows from the fact that±
jPN π0pX,xq is a one-point set when X is path-connected. Therefore, we

focus on the equivalence of (1) with (4) and (5).

(1) ñ (4) Let tfkukPN � XS0

be a sequence that converges to x. Set xk �
fmp�1q and yk � fmp1q. By assumption, there is a sequence of paths αk : I Ñ
X from x to xk that converges to x and a sequence of paths βk : I Ñ X from x
to xk that converges to x. Now tα�k �βkukPN is a sequence of paths from xk to yk
that converges to x. Since a (free) null-homotopy of a map S0 Ñ X is precisely
a path connecting the points in the image, tα�k � βkukPN is a sequentially null-
homotopy of tfkukPN. (4) ñ (5) Suppose txkukPN Ñ x. Define fk : S0 Ñ X by
fkp�1q � xk and fkp1q � xk�1. Since tfkukPN converges to x, it is sequentially
null-homotopic. In particular, there is a sequence of paths αk from xk to xk�1

that converges to x. Defining α to be the infinite concatenation
±
kPN αk gives

the desired path. (5) ñ (1) Suppose txkukPN Ñ x. By assumption, there is a
path α : I Ñ X such that αp1{kq � xk and αp0q � x. Let αk be a path with
αk � α|r0,1{ks. Then tαkukPN is a sequence of paths from x to xk that converges
to x. Thus X is sequentially 0-connected.

Example 2.22. We give examples to show that all four of the properties are
distinct when n ¥ 1. Certainly, pSnqm is k-tame for all k,m ¥ 0 but Sn is not
sequentially n-connected since it is not n-connected. It follows directly from
results in [12] that the n-dimensional Hawaiian earring Hn is sequentially pn�1q-
connected and πn-residual. However, the identity Hn Ñ Hn shows that Hn is
neither πn-finitary nor n-tame. Consider the cone CHn � pHn � Iq{pHn � t1uq
over the n-dimensional Hawaiian earring and let x0 be the image of pb0, 0q in
the quotient. Then CHn is contractible and therefore k-connected for all k ¥ 0.
Since πkpCHn, x0q is trivial, ImpΘkq � 0 � pπkpCHn, x0qq

pNq. However, the
inclusion Hn Ñ CHn does not extend to a basepoint-preserving null-homotopy.
Thus rpHn, b0q, pCHn, x0qs � 0 and Θn is not injective. Hence, for all n ¥ 0,
CHn is πn-finitary but not πn-residual at x0.

Just as n-connectedness plays a prominent role in standard homotopy group
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computations, sequentially n-connectedness will play a prominent role in this
paper. We identify some topological constructions that preserve this property.

Example 2.23 (Directed Limits). If X �
�
iPNXi has the weak topology with

respect to subspaces X1 � X2 � X3 � � � � where each Xi is n-tame, then X is
n-tame. Indeed, if tfmumPN is a sequence in ΩkpX,xq that converges to x P X,
then

�
mPN Impfmq is a compact subspace of X and therefore lies in Xi for

some i. Thus a cofinal subsequence of tfmumPN is sequentially null-homotopic
in Xi. Since a CW-complex has the weak topology with respect to its finite
subcomplexes (all of which are first countable), a similar argument shows that
all CW-complexes are n-tame.

Example 2.24 (Infinite Product Spaces). The n-tame property is closed under
taking finite direct products but not under infinite direct products, e.g. Sn is
k-tame for all k ¥ 0 but pSnqN is not n-tame at any of its points since it is not
πn-finitary. However, if tpXj , xjq | j P Ju is a family of sequentially n-connected
based spaces, then the direct product

±
jPJ Xj is sequentially n-connected at

pxjqjPJ .

Example 2.25 (Unreduced Cones and Suspensions). If X is sequentially n-
connected at x0 P X, then the unreduced cone CX � X � I{X �t1u is sequen-
tially n-connected at all points in the arc tpx0, tq | t P Iu � CX. Since CX
contracts by a pointed null-homotopy at the vertex point v P CX, this is clear
when t � 1. If s0 � px0, tq for 0 ¤ t   1, there is a deformation retraction
of CXztvu onto X � ttu. Let r : CXztvu Ñ X � ttu be the corresponding
retraction and consider a sequence tfjujPN in ΩnpCX, s0q that converges to s0.
There exists j0 P N such that Impfjq � CXztvu for all j ¥ j0. If j   j0, then fj
is null-homotopic since CX is contractible. Applying r, we see that tfjuj¥j0 is
sequentially homotopic to tr �fjuj¥j0 in CX, the later of which is a sequence in
X�ttu � CX that converges to px0, tq. Hence, if X is sequentially n-connected
at x0, then tr � fjuj¥j0 is sequentially null-homotopic in X � ttu. Thus tfjujPN
is sequentially null-homotopic in CX.

Applying a similar argument, it follows that if X is sequentially n-connected
at x0 P X, then the unreduced suspension SX � CX{X�t0u is also sequentially
n-connected at all points in the arc tpx0, tq | t P Iu � SX.

The next example plays a key role in our main result.

Example 2.26 (Dendrites). A dendrite is a Peano continuum D such that for
any distinct points a, b P D, there is a unique arc A � D with endpoints ta, bu.
Equivalently, a Peano continuum D is a dendrite if and only if it contains no
subspaces homeomorphic to S1. There are many other useful characterizations
of dendrites from Continuum Theory [23, Chapter 10], some of which we will call
upon later. Every dendrite is contractible and has Lebesgue covering dimension
1. Moreover every compact connected subset D1 of a dendrite D is itself a
dendrite and is a deformation retract of D. As a consequence, every map f :
Sn Ñ D, n ¥ 1 contracts by a homotopy with image in Impfq. It follows that
every dendrite is sequentially n-connected for all n ¥ 0.
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The following proposition illustrates the importance of the sequentially 0-
connected property. In the presence of this property, if one wishes to show that
a sequence of maps is null-homotopic rel. basepoint, then it suffices to produce
an unbased sequential null-homotopy.

Proposition 2.27. Suppose pY, y0q is sequentially 0-connected. If pX,x0q is x0

well-pointed, i.e. if tx0u Ñ X is a cofibration, then every sequence tfkukPN in
Y X that converges to y0 is sequentially homotopic to a sequence of based maps
tgkukPN in pY, y0q

pX,x0q that converges to y0.

Proof. Suppose tfkukPN � Y X converges to y. Since tfkpx0qu Ñ y0 in Y , by
Lemma 2.21 and Y is sequentially 0-connected at y0, there is a sequence of
paths αk : I Ñ Y from y0 to fkpx0q that converges to y0. Since pX,x0q is
well-pointed, there is a retraction r : X � I Ñ X � t0u Y tx0u � I. Define a
map βk : X � t0u Y tx0u � I Ñ Y by βpx, 0q � fkpxq and βkpx0, tq � αkptq.
Now define gk : X Ñ Y by gkpxq � βkprpx, 1qq. Notice that gkpx0q � y0 and
that gk is freely homotopic to fk by a homotopy with image in ImpαkqY Impfkq.
Therefore, fk and gk are sequentially homotopic.

The following lemma is an immediate consequence.

Lemma 2.28. Suppose pX,xq is sequentially 0-connected and n ¥ 1. Then
(1) pX,xq is sequentially n-connected if and only if for all 0 ¤ k ¤ n, every

sequence of unbased maps fj : Sk Ñ X, j P N that converges to x is
sequentially null-homotopic.

(2) pX,xq is n-tame at x P X if and only if for all 0 ¤ k ¤ n and every
sequence of unbased maps fj : Sk Ñ X, j P N that converges to x, there
exists j0 P N such that tfjuj¥j0 is sequentially null-homotopic.

It was mentioned previously that the n-tame property is similar to the usual
notion of local n-connectedness. Certainly, they are closely related. Formally,
they are not equivalent even among metric spaces. In light of Lemma 2.28, it
becomes clear that the n-tame property is more closely related to the point-
wise “UV n property” [25]: a space X is said to be UV n at x P X if for every
0 ¤ k ¤ n each neighborhood U of x contains a neighborhood V of x such that
every map f : Sk Ñ V is null-homotopic in U .

Proposition 2.29. Suppose X is first countable and locally path-connected at
x P X. Then

(1) X is n-tame at x if and only if X is UV n at x,
(2) X is sequentially n-connected at x if and only if X is n-connected and X

is UV n at x.

It is possible to construct non-first countable spaces that are n-tame at a
point x but not UV n at x.
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3 Shrinking Adjunction Spaces

3.1 Definition and examples

In this section, we focus on a generalization of shrinking wedges that will play
a key role in both the motivation for and proof of our main results.

Definition 3.1 (Shrinking adjunction spaces). Consider a space X and a se-
quence txjujPN (of not necessarily distinct elements) in X. Let tpAj , ajqujPN be a
sequence of based spaces. Let Yk be the adjunction space obtained by attaching
Aj to X by aj � xj for all j ¤ k (with the weak topology). There are retractions
ρk�1,k : Yk�1 Ñ Yk that collapse Ak�1 to xk�1 and are the identity elsewhere.
The shrinking adjunction space obtained by attaching the sequence tpAj , ajqujPN
to X along the sequence txjujPJ is the inverse limit space Y � limÐÝkPNpYk, ρk�1,kq

topologized as a subspace of the direct product
±
kPN Yk. The projection maps

will be denoted ρk : Y Ñ Yk.
We refer to X as the core of Y , the spaces Aj , j P N as the attach-

ment spaces, and the sequence txjujPN as the attachment points. When it
is necessary to refer to this specific decomposition of Y , we may write Y �
AdjpX, txjujPN, tAjujPN, tajujPNq or just Y � AdjpX,xj , Aj , ajq when the in-
dexing set is clear from context.

Shrinking adjunction spaces are ordinary, finite adjunction spaces when
Aj � taju for all but finitely many j P N. Additionally, a shrinking adjunc-

tion spaces is precisely a shrinking wedge Y � ��
jPNAj when the core X is

a one-point space. Taking Y as a subspace of
±
kPN Yk, we may identify the

underlying set of the space Y in Definition 3.1 with the underlying set of the

ordinary adjunction space
�
X \

²
jPNAj

	
{� where xj � aj . For instance, un-

der this identification, Aj corresponds to
�±j�1

k�1txju �Aj �
±
k¡j Yk

	
XY and

X corresponds to
±
kPNX � pX �

±
k¡1 Ykq X Y . In the shrinking adjunction

space Y , we may consider the Aj as being “shrinking in size.” To make this
more precise and more intuitive, we give a useful characterization of the inverse
limit topology in Lemma 3.4. Note that if X is separable, then it is possible
that txj | j P Nu is dense in X. Additionally, if j1   j2   j3   � � � is such that
txjiuiPN is the constant sequence at x P X, then this subsequence will result in

a copy of the shrinking wedge ��iPNAji attached at x.

Remark 3.2. Identifying a given space Y as a shrinking adjunction space is a
choice of decomposition of Y and will not be unique for a given space. For exam-
ple, one could view Y � AdjpX,xj , Aj , ajq as Y � Adj pX Y

�
iPNA2i�1, x2i, A2i, a2iq,

i.e. with core XY
�
iPNA2i�1 and attachment spaces tA2iuiPN. Moreover, if the

core X is a shrinking adjunction space, then there may be many distinct, rele-
vant choices of decompositions of Y .

In general, we allow for the sequence txjujPN to have repetitions and even
have finite image. However, if we replace the sequences of attachment spaces Aj
with finite or shrinking infinite wedges of these spaces, then without changing
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the homeomorphism type of Y , we may always assume that txjujPN is an infinite
sequence of distinct points in X. Formally, let Z � txj | j P Nu and note
that Z � tz1, z2, . . . u may be finite or infinite. Define Tm � tj P N | xj �
zmu. If Tm is finite, let Bm �

�
jPTmpAj , ajq and if Tm is infinite, let Bm ���

jPTj pAj , ajq. Take the basepoint bm P Bm to be the wedge point in each

case. If Z is finite and written as tz1, z2, . . . zMu, recursively choose any zm P
Xztz1, z2, . . . , zm�1u for m ¡ M and, for all such m, let Bm be a one-point
space. Then the shrinking adjunction space obtained by attaching the sequence
tpBm, bmqumPN to the sequence tzmumPN of distinct points inX is homeomorphic
to the original shrinking adjunction space Y . For separable X, we may add
more one-point attachment spaces to the sequence so that the sequence txjujPJ
is dense in X.

Remark 3.3 (Indexing by countable sets). For any bijection σ : N Ñ N,
basic properties of inverse limits give a homeomorphism AdjpX,xj , Aj , ajq �
AdjpX,xσpjq, Aσpjq, aσpjqq that permutes the coordinates of the inverse limit.
Therefore, we are justified in replacing the indexing set N with any countably
infinite set.

Lemma 3.4. Let Y � AdjpX,xj , Aj , ajq where X and each Aj is compact.
Then a set U � Y is open if and only if

(1) X X U is open in X,
(2) Aj X U is open in Aj for all j P N,
(3) whenever txjiuiPN Ñ x in X and x P U , we have Aji � U for all but

finitely many i P N.

Proof. Note that the conditions (1)-(3) define a topology on the underlying set
of Y . Let Ysub denote the resulting topological space and consider the identity
function i : Ysub Ñ Y . If V is open in Yk, then ρ�1

k pV q is the union of V XX,
V XAj for j ¤ k and

�
tAj | j ¡ k and xj P V XXu. Then ρ�1

k pV q satisfies (1)-
(3) and is therefore open in Ysub. Therefore, the projections ρk � i : Ysub Ñ Yk,
k P N are continuous. Since Y is an inverse limit, it follows that i : Ysub Ñ Y is
continuous.

Since Y is Hausdorff, to ensure i is a closed map, it suffices to check that Ysub
is compact. Clearly, Ysub is Hausdorff and since the inclusions X Ñ Ysub and
Aj Ñ Ysub are continuous, X and each Aj are compact subspaces of Ysub. Let
U be an open cover of Ysub. Find finitely many sets U1, U2, . . . , UM in U that
cover X. Additionally, finitely many sets in U are required to cover each Aj
and so to find a finite subcover of Ysub it suffices to show that Aj �

�M
m�1 Um

for all but finitely many j. Suppose there are j1   j2   j3   � � � and points
zji P Ajz

�M
m�1 Um. Now txjiu is a sequence in X. Since X is compact, we

may replace txjiu with a subsequence that converges to a point x P X. Find a
set Um0

containing x. By Condition (3), we have Aji � Um0
for all but finitely

many i; a contradiction of the assumption that zji R
�M
m�1 Um for all i P N.

We will refer to the topology on the underlying set of Y determined by
Conditions (1)-(3) in Lemma 3.4 as the subsequence topology and continue to
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denote this space as Ysub. Typically, we will assume a shrinking adjunction
space Y has the inverse limit topology. However, sometimes it will be more
convenient to use the subsequence topology. For the remainder of this section,
we have need to distinguish the two topologies on Y and so we let Ylim denote Y
with the inverse limit topology. The author expects for these two topologies to
agree for many non-compact situations which lie outside of the scope of Lemma
3.4. However, a general investigation into the conditions for which these two
topologies agree is a tedious endeavor and so we do not pursue it here. Despite
this, we are able to provide a short proof that Ylim and Ysub always share the
same Peano continuum subspaces. Therefore, if one is only interested in sets of
homotopy classes of maps K Ñ X from Peano continua K, then one may freely
use either topology.

Remark 3.5. The shrinking adjunction space Ylim � AdjpX,xj , Aj , ajq is a
Peano continuum if and only if X and each Aj is a Peano continuum. One
direction is clear since X and each Aj are retracts of Y . Conversely, if X and
each Aj is a Peano continuum, then Ylim � Ysub by Lemma 3.4. It then suffices
to show Ysub is a Peano continuum. This may be done by verifying the individual
characterizing properties of a Peano continua or by constructing an onto path
I Ñ Ysub using a choice of onto paths I Ñ X and pI, 0q Ñ pAj , ajq, j P N.

In categorical language, the next proposition states that Ysub and Ylim have
homeomorphic ∆-generated coreflections1.

Proposition 3.6. If K is Peano continuum then a function f : K Ñ Ysub is
continuous if and only if f : K Ñ Ylim is continuous.

Proof. In the proof of Lemma 3.4, we showed that the identity function i :
Ysub Ñ Ylim is always continuous. The “only if” direction follows. For the
“if” direction, suppose f : K Ñ Ylim is continuous. Let Z � fpKq and let Zlim
denote Z with the subspace topology inherited from Ylim. Then Zlim is a Peano
continuum as a subspace of Ylim. The canonical maps r : Y Ñ X and rj : Y Ñ
Aj are retractions with respect to both of the spaces Ysub and Ylim. Hence,
each space Yk, k P N is a retract of both Ylim and Ysub. Therefore, if Zlim lies
entirely the union of X and finitely many Aj , then f : K Ñ Ysub is continuous.
Therefore, we may assume that Z meets X and J � tj P N | Z XAjztaju � Hu
is infinite. Since r and rj are retracts, rpZlimq � Zlim X X and rjpZlimq �
ZlimXAj , j P J are Peano continua in Ylim. If we let Zk � rpZlimqY

�
trjpZlimq |

1 ¤ j ¤ k, j P Ju, k P J , then Zlim � limÐÝkPJpZk, ρk�1,k|Zk�1
q. Therefore,

Zlim � AdjprpZlimq, txjujPJ , trjpZlimqujPJ , tajujPJq. By Lemma 3.4, we have
Zsub � Zlim. The subspace topology on Z inherited from Ysub agrees with
the subsequence topology on Z and according to Remark 3.5, Zsub � Zlim.
Therefore, f : K Ñ Zsub � Ysub is continuous.

1The ∆-generated coreflection of X is the space ∆pXq with the same underlying set as X
and with the topology of sets U � X such that, for every map f : K Ñ X from a Peano
continuum K, f�1pUq is open in K.
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Corollary 3.7. For every Peano continuum X, A � X, and y P Y , the
identity function i : Ysub Ñ Ylim induces a bijection rpX,Aq, pYsub, yqs Ñ
rpX,Aq, pYlim, yqs. In particular, the induced function rpHn, b0q, pYsub, yqs Ñ
rpHn, b0q, pYlim, yqs is bijective for all n ¥ 1.

Remark 3.8. An important feature of Ysub is that whenever zi P Aji , i P N
is a sequence that converges in Y to a point x P X, it must also be the case
that the corresponding sequence of attachment points txjiuiPN � tajiuiPN also
converges to x in X. This follows from the fact that if U is a neighborhood in
Y that meets X, then pU XXq Y

�
tAj X U | xj P Uu is also an open set in Y .

In Section 4.2, we will show that Y is sequentially n-connected whenever its
core and attachment spaces are sequentially n-connected. For n ¥ 2, this proof
is substantially more complicated and requires the use of Whitney cubes. We
prove the case n � 0 here.

Lemma 3.9. Let Y � AdjpX,xj , Aj , ajq and y0 P X. If pX, y0q is sequentially
0-connected and pAj , ajq is sequentially 0-connected for all j P N, then pY, y0q
is sequentially 0-connected.

Proof. Since X and each Aj is sequentially 0-connected at at least one point, all
of these spaces are path connected. Let tykukPN Ñ y0 be a convergent sequence
in Y . Note that trkpykqukPN is a sequence in X that converges to y0. Since
pX, y0q is sequentially 0-connected, there is a sequence of paths αk : I Ñ X
from y0 to rkpykq that converges to y0. We construct a sequence of paths βk :
I Ñ Y from yk to rkpykq that converges to y0. Once this is done, the sequence
tαk � βkukPN allows us to conclude that pY, y0q is sequentially 0-connected.

We define βk as follows. If yk P X, then rpykq � yk so we let βk be the
constant path at yk. For each j P N, let Tj � tk P N | yk P Ajztajuu. If Tj is
finite, then for every k P Tj , we choose any path βk : I Ñ Aj from aj � rpykq to
yk. If Tj is infinite, then, because pAj , ajq is sequentially 0-connected, we may
choose a sequence of paths tβkukPTj in Aj from aj � rpykq to yk that converges
to aj .

With βk defined for all k P N it suffices to show that tβkukPN converges
to y0. Let U be an open neighborhood of y0 in Y . Since trpykqukPN Ñ y0,
there exists K P N such that rpykq P U for all k ¥ K. Suppose there exists
K   k1   k2   k3   � � � and points ti P I such that βkiptiq R U . Considering
our choice of the paths βk, this only occurs if ki P Tji for some ji P N. However,
trpykiquiPN � tajiuiPN converges to y0 and therefore Aji � U for all but finitely
many i P N. However, this contradicts the fact that βkiptiq P AjizU for all
i P N.

Corollary 3.10. If pAj , ajq is sequentially 0-connected for all j P N, then��
jPNpAj , ajq is sequentially 0-connected at the wedgepoint.

We will often take a subspace Y 1 of Y � AdjpX,xj , Aj , ajq and wish to view
Y 1 as a shrinking adjunction space. The proof of the following lemma follows
from basic properties of inverse limits.
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Lemma 3.11. Let Y � AdjpX,xj , Aj , ajq, X
1 � X be a subspace, and suppose

J � tj P N | xj P X
1u is infinite. The subspace topology on Y 1 � X 1 Y

�
jPJ Aj

agrees with the inverse limit topology on Y 1 � AdjpX 1, txjujPJ , tAjujPJ , tajujPJq.

3.2 A Splitting Theorem

Here, we begin our analysis of homotopy groups of shrinking adjunction spaces
by generalizing a known splitting result for shrinking wedges, namely, [20, Theo-
rem 2.1]; see also [4, Lemma 5.3]. Interestingly, this result holds in all dimensions
n ¥ 2 and does not require application of Whitney covers.

Theorem 3.12. Let Y � AdjpX,xj , Aj , ajq where X is a Peano continuum
and y0 P X. Then for all n ¥ 2, the canonical homomorphism

Ψ : πnpY, y0q Ñ πnpX, y0q `
¹
jPN

πnpAj , ajq,

Φprf sq � prr � f s, rr1 � f s, rr2 � f s, . . . q is a split epimorphism.

Proof. Since X is a retract of Y , the splitting will follow if we show the restricted
homomorphism ψ : πnpY, y0q Ñ

±
jPN πnpAj , ajq of Φn splits. For each j P N,

pick a map fj P ΩnpAj , ajq. We will construct a map f P ΩnpY, y0q such that
rj � f � fj for all j P N.

Let α : I Ñ X be a surjective path so that αp0q � x0 and txj | j P Nu �
αpr0, 1qq. By inserting countably many constant subpaths, we may assume that
for each j P N, there is an open interval pcj , djq � I such that αprcj , djsq � xj .
We parameterize concentric n-cubes in In as follows: for 0 ¤ t   1, let Ct �
r t2 ,

1�t
2 sn and let C1 � tp1{2, 1{2, . . . , 1{2qu. The n-loop ` P ΩnpX, y0q, which

maps BCt to αptq for 0 ¤ t   1 and `pC1q � αp1q for all t P I is null-homotopic
and so we modify it to include appropriate portions that map to the spaces Aj .

For each j P J , we have a thickened n-sphere Kj � Ccj z intpCdj q, which has
boundary BKj � BCcj YBCdj and such that gpKjq � αprcj , djsq � xj � aj . For
each j P N, pick an n-cube Rj � Kj (see Figure 6). Define f so that

fpxq �

#
`pxq if x R

�
jPNRj

fj � LRj ,Inpxq if x P Rj

Certainly, each projection ρk � f : In Ñ Yk is continuous for each k P N and
therefore f is continuous. Moreover, it is easy to see that rj �f � fj for all j P N.
While this proves the surjectivity of ψ, we must further analyze this construct to
ensure that it defines a splitting of ψ. In particular, we note that homotopy class
of f is independent of our choice of the n-cubes Rj . Indeed, for each j P N, let Sj
be another n-cube in Kj . Let f 1 be the map which agrees with ` on Inz

�
jPN Sj

and f 1j |Sj � fj �LSj ,In . Since Kj is path connected, we may find a continuously
parameterized family of n-cubes Tjptq � Kj , t P I where Tjp0q � Rj and
Tjp1q � Sj (note that the sizes of the cubes may change). Define H : In�I Ñ Y
so that Hpx, tq � `pxq if x R Tjptq and so that Hpx, tq � fj � LTjptq,Inpxq if
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C0

Ccj

Cdj

C1

Rj

Kj

Figure 6: The domain of f in the case n � 2; f maps Kjz intpRjq to aj and
maps Rj into Aj by fj .

x P Tjptq. Again, the finite projections ρk �H into the spaces Yk are continuous
and therefore H is a continuous homotopy from f to f 1. In short, the homotopy
H simultaneously slides the domain of fj from Rj to Sj within Kj . It is also
possible to make the same observation using at most n applications of Lemma
2.8.

The function κpprfjsqjPNq � rf s defines a set-theoretic section to ψ. We check
that κ is a homomorphism. Consider another family of n-loops gj P ΩpAj , ajq
and a map g constructed, as above, so that κpprgjsqjPNq � rgs. According to the
previous paragraph we may choose the domains in a convenient manner: For

all j P N, choose Rj �
�
cj
2 ,

dj
2

�n
as the domain of f |Rj � fj and notice that

each Rj lies in r0, 1{2s � In�1. Choose Sj �
�

1�dj
2 ,

1�cj
2

�
�
�
cj
2 ,

dj
2

�n�1

as the

domain of g|Sj � gj and notice that each Sj lies in r1{2, 1s � In�1.
Consider the concatenation f � g. We apply a homotopy similar to the stan-

dard homotopy used to prove the general property β � pf � gq � pβ � fq � pβ � gq
of the π1-action on πn. In particular, define G : In � I Ñ X as

Gps1, s2, . . . , sn, tq �

#
fpp2� tqs1, s2, . . . , snq if s1 P r0, 1{2s

gpp2� tqs1 � t� 1, s2, . . . , snq if s1 P r1{2, 1s

Since f agrees with ` on r1{2, 1s� In�1 and g agrees with `� on r0, 1{2s� In�1,
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G is well-defined. Let h P ΩnpY, y0q be the n-loop, hpxq � Gpx, 1q. Then h
agrees with ` on Inz

�
jPNRj Y Sj , and we have h|Rj � fj and h|Sj � gj for all

j P N.

G

Figure 7: The homotopy G from f � g to h excises the middle portion of the
concatenation f � g (left rectangle). The squares Rj appear along the diagonal
of the domain of f and the squares Sj appear along the lower off-diagonal of
the domain of g. The homotopy H, performed after G, stretches the left edge
of Sj to meet the right edge of Rj to obtain L.

Now we perform an infinite n-cube shuffle homotopy to h. Let S1j �
�
dj
2 ,

1�cj
2

�
��

cj
2 ,

dj
2

�n�1

. Note that Sj � S1j � Kj and that Rj and S1j share a face. Here,

we may simply take Tjptq �
�
ptq

dj
2 � p1� tq

1�dj
2 ,

1�cj
2

�
�
�
cj
2 ,

dj
2

�n�1

, 0 ¤ t ¤ 1

as a parameterized collection of n-cubes from Sj to S1j in Kj which do not meet
intpRjq. Define H 1 : In � I Ñ Y to be the map which
• is the constant homotopy (of h) on Inz

�
jPN intpKjq and each Rj , j P N,

• maps Tjptq � ttu to Aj by gj for all 0 ¤ t ¤ 1,
• maps Kj � Iz p

�
tPIpTjptq � ttuq Y pRj � Iqq to xj

As before, the projections ρk �H
1 are continuous and so H 1 is continuous. Let

L P ΩnpY, y0q be the n-loop Lpxq � H 1px, 1q. Notice that L agrees with h on
Inz

�
jPNpRjYSjq and on each n-cube RjYS

1
j , we have L|RjYS1j � fj �gj . Hence,

L is constructed according to our definition of κ, that is, rLs � κpprfj � gjsqjPNq.
All together, we have:

κpprfjsqjPNq � κpprgjsqjPNq � rf � gs

� rLs

� κpprfj � gjsqjPNq
� κpprfjsqjPN � prgjsqjPNq

We conclude that κ is a group homomorphism, which is a section to ψ.

Corollary 3.13. Suppose Y � AdjpX,xj , Aj , ajq is path-connected and x0 P Y .
If πnpAj , ajq � 0 for infinitely many j P N, then |πnpY, y0q| � 2ℵ0 .
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3.3 Indeterminate adjunction spaces

Some relevant spaces, such as generalized covering spaces of shrinking adjunction
spaces, will not quite be shrinking adjunction spaces. We define the following
general term to provide a context for this situation.

Definition 3.14 (indeterminate adjunction space). We say that Y is an inde-
terminate adjunction space with core space X, attachment spaces tAjujPJ , and
attachment points txjujPJ if X is a closed subspace of Y and if Y zX is the
disjoint union of open sets Nj , j P J where Aj � Nj and Aj XX � txju for all
j P N.

If Y is an indeterminate adjunction space, then the underlying set of Y is the
same as the ordinary adjunction space (with the weak topology). However, the
homeomorphism type of Y is not uniquely determined. Despite this ambiguity,
it is clear that, given any finite set F � J , there is a retraction ρF : Y Ñ
XY

�
jPF Aj that collapses Aj , j P JzF to xj . Therefore, if τ is the topology of

Y , then τ may be as fine as the weak topology τweak (this is the upper limit) or
as coarse as the inverse limit topology τlim (this is the lower limit). Indeed, we
have τlim � τ � τweak, and it is possible that τ is equal to neither (see Example
4.29). We show that even if we are confronted with an indeterminate adjunction
space Y , a subspace of Y that is a Peano continuum must be a true shrinking
adjunction space.

Proposition 3.15. Let Y be the indeterminate adjunction space with core space
X, attachment spaces tAjujPN, and attachment points txjujPN. If Z � Y is a
subspace that is a Peano continuum and meets X and each open set Ajztaju,
then Z is homeomorphic to the shrinking adjunction space obtained by attaching
the spaces tZ XAjujPN to Z XX along the points txjujPN.

Proof. Let Ylim denote the underlying set of Y equipped with the inverse limit
(shrinking adjunction) topology and note that the identity i : Y Ñ Ylim is
continuous. Since Z is path-connected and Z X pAjztajuq for all j P N, we
have xj � aj P Z X X for all j P N. The collapsing maps r : Y Ñ X and
rj : Y Ñ Aj are retractions with respect to the topology of the indeterminate
adjunction space so rpZq � Z XX and rjpZq � Z XAj are all Peano continua.
Let Zlim denote the shrinking adjunction space obtained by attaching the spaces
tZ X AjujPN to Z XX along the points txjujPN. Even though the topology of
Y is indeterminate, the function ρk � i : Y Ñ Yk, which collapses Aj , j ¡ k
to xj is continuous. Therefore, the restriction pρk � iq|Z : Z Ñ Yk X Z is
continuous for all k P N. We conclude that the identity function i|Z : Z Ñ
Zlim � limÐÝkpYk X Zq is continuous. Since Z is compact and Zlim is Hausdorff,
i|Z is a homeomorphism.
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4 Whitney Covers and Infinite Homotopy Fac-
torization

4.1 General homotopy factorization methods

We employ the classical Whitney Covering Lemma [27], which guarantees the
existence of highly structured locally finite covers of arbitrary open subsets of n-
dimensional space. Our statement of the Whitney Covering Lemma below is not
the strongest possible version of this well-known result; the weaker statement
below is more streamlined for our application. In particular, we do not require
all of the geometric features of the construction and we restrict our focus to
open sets U in Rn which lie in the open unit cube so that BU � In. We refer
to [17, Appendix J] for the classical statement, which implies the following.

Lemma 4.1 (Whitney Covering). Let U be a non-empty, proper open subset of
p0, 1qn. Then there exists a collection C of n-cubes such that

(1)
�

C � U
(2) intpCq X intpC 1q when C � C 1 in C ,
(3) for given C P C , we have C X C 1 � H for all but finitely many cubes

C 1 P C .
(4) Every neighborhood of the boundary BU in In contains all but finitely many

C P C .

We refer to C from Lemma 4.1 as a Whitney cover of U and the individual
cubes C P C as Whitney cubes (See Figure 8). Notice that every Whitney cover
of U is an n-domain.

Figure 8: A Whitney covering of an open set U � p0, 1q2, which need not be
connected nor simply connected. The diameters of the 2-cubes shrink to 0 as
they approach any boundary point of U .

Remark 4.2. It is important to realize that a Whitney cover C of U will not
be a “cubical decomposition” of U , that is, the intersection of two n-cubes of C
may not be a face of either cube. While a carefully constructed triangulation of
U could overcome this technical issue, we avoid going back and forth between
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the cubical and simplicial settings by using the following construction, which
takes advantage of the fact that the cubes in C are oriented with the standard
unit vectors and have pairwise disjoint interiors: Let Cn � C . If Ck is defined,
let Ck�1 be the set of all k � 1-cubes which are the intersection of two k-cubes
from Ck. Notice that

�
Ck�1 �

�
tbdpKq | K P Cku where bdpKq is the face-

boundary of K, i.e. the union of all pk � 1q-faces of the k-cube K. However,�
Ck�1 will usually be strictly larger than the union of the pk � 1q-faces of the

original n-cubes C P C . For instance, C0 contains the vertices (0-faces) of the
n-cubes C P C but also the 0-faces of any k-cube formed as the intersection of
higher dimensional cubes from

�
0 m¤n Cm.

Lemma 4.3 (n-loop factorization). Let n ¥ 1 and X be sequentially pn � 1q-
connected at x0 P X. Suppose f : In Ñ X is a map and U is an open subset
of p0, 1qn such that fpBUq � x0. Then for every Whitney cover C of U , there
exists a map g : In Ñ X such that
• f is homotopic to g by a homotopy constant on InzU ,
• for each C P C , gpBCq � x0,
• for each C P C , there is an n-cube K � intpCq such that g|K � f |C .

Proof. Let A � InzU and consider a Whitney cover C of the (not necessarily
connected) open set U by n-cubes. Recall the definition of Ck for 0 ¤ k ¤ n
from Remark 4.2. We define a homotopy H : In � I Ñ X by recursively by
extending the definition of f on faces of the cubes K�I, K P Ck. By Condition
4. in Lemma 4.1 and the continuity of f , the set tf |C | C P C u clusters at x0

(when each C P C is identified with In). Hence, tf |K | K P Cku clusters at x0

for all 0 ¤ k ¤ n. First, set Y0 � In�t0uY pA� Iq Y p
�
CPC BCq � t1u. Define

H0 : Y0 Ñ X so that
• H0px, 0q � fpxq if x P In � t0u YA� I,
• H0px, 1q � x0 if x P

�
CPC BC.

Since H0pBU � Iq � x0, it is clear that H0 is continuous on Y0. Recursively,
define

Yk � Yk�1 Y
¤

KPCk�1

K � I

for 1 ¤ k ¤ n and notice that Yn � Y0Y
�
CPC pBCq�I. We recursively construct

maps Hk : Yk Ñ X as follows. Recall that any neighborhood of x0 in X contains
all but finitely many of the points fpvq, v P C0. Since X is sequentially 0-
connected at x0 P X, there exists a countable system of paths αv : I Ñ X, v P C0

from fpvq to x0 that clusters at x0. Define H1pv, tq � αvptq for v P C0. This
extends the definition of H0 to H1 by extending the definition on

�
vPC0

tvu � I
in a well-defined fashion. Additionally, the continuity of H1 follows directly
from the continuity of H0 and the fact that tαvuvPC0

clusters at x0. For any
edge K P C1, the map H1 restricts to a 1-loop gK : K�t0, 1uY bdpKq� I Ñ X.
Since the collections tf |K | K P C1u and tαv | v P C0u both cluster at x0, it
follows that the collection of 1-loops tgK | K P C1u clusters at x0.

Suppose, for 1 ¤ k ¤ n � 1, we have constructed a continuous extension
Hk : Yk Ñ X of Hk�1 with the property that if gK is the restriction of Hk�1 to
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SK � K � t0, 1u Y bdpKq � I for K P Ck, then the collection tgKuKPCk clusters
at x0 when we identify each SK with BIk�1 in the canonical way. Since X is
assumed to be sequentially k-connected at x0, there exists a collections of maps
GK : K � I Ñ X such that GK |SK � gK and such that tGK | K P Cku clusters
at x0 when each K � I is identified with Ik�1 in the canonical way. For each
K P Ck, define the extension Hk�1 of Hk on K � I so that Hk�1|K�I � Gk for
K P Ck. This is clearly well-defined and is continuous based on the continuity
of Hk and the fact that tGK | K P Cku clusters at x0.

We proceed until arriving at a continuous extension Hn : Yn Ñ X. In
particular, we have constructed Hn so that for every neighborhood V of x0, we
have HnpC � t0u Y pBCq � Iq � V for all but finitely many n-cubes C P C . For
each C P C , fix a piecewise linear retraction rC : pC � Iq Ñ C � t0u Y pBCq � I
as in Remark 2.1. We extend Hn to a homotopy H : In � I Ñ X by defining
Hpx, tq � HnprCpxqq if x P C. See Figure 9 for an illustration of the construction
of H. Since HpC � Iq � HnpC � t0u Y bdpCq � Iq for all C P C , we have that
for a given neighborhood V of x0 in X, H maps all but finitely many of the
pn� 1q-cubes C � I into V . The continuity of H is an immediate consequence
of this observation. Let g : pIn, BInq Ñ pX,x0q be the map gpxq � Hpx, 1q and
K � C be the n-cube that rC maps K � t1u homeomorphically onto C � t0u.
Then gpBCq � x0 and g|K � f |C for all C P C .

Remark 4.4. In some applications we will apply the above construction of H in
slightly more structured scenarios. For example, suppose there is a sequentially
pn� 1q-connected based subspace pA, x0q of pX,x0q, and that after some choice
of Whitney cover C , we know that fpBCq lies in A for all C P C . Then we may
construct H through the same process but choosing all of the maps gK and GK
to have image in A. The resulting homotopy H then has the additional property
that HpC � Iq � AY fpCq for all C P C and thus ImpHq � AY Impfq.

Often, we will apply Lemma 4.3 to f P ΩpX,x0q and U � Inzf�1px0q,
in which case, the conclusion ensures that f is homotopic rel. BIn to a C -
concatenation

±
CPC gC for any Whitney covering C of U . The following corol-

lary, which will be applied to shrinking adjunction spaces, is the result of ap-
plying Lemma 4.3 finitely many times and forming the vertical concatenation
of the resulting homotopies.

Corollary 4.5. Let n ¥ 1 and X be sequentially pn � 1q-connected at points
x0, x1, x2, . . . , xk P X. Suppose f : In Ñ X is a map and U0, U1, U2, . . . , Uk are
pairwise-disjoint open sets in p0, 1qn such that fpBUjq � xj for each 1 ¤ j ¤ k.
Then for any Whitney covers Cj of Uj, 1 ¤ j ¤ k, there exists a map g : In Ñ X
such that
• f is homotopic to g by a homotopy that is constant on Inz

�k
j�1 Uj,

• gpBCq � xj whenever C P Cj.
• for each C P Cj, there is an n-cube K � intpCq such that g|K � f |C .

It is natural to ask if there is a version of Lemma 4.3 where the sequentially
n-connected property is replaced with the weaker “n-tame” property. We show
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(a) Step 0 (b) Step 1

(c) Step 2 (d) Step 3

Figure 9: The four steps in the construction of the homotopy H from the proof
of Lemma 4.3 for n � 2. In all four sub-figures, the bottom square is the
domain of f and the dashed domain is U � I. In Step 0, the cubes at height 1
are mapped to x0. In Step 1, the previous step is extended to the 1-faces in C1

using the sequentially 0-connected property. In Step 2, we use the sequentially
1-connected property to define H on the rectangles created by the vertical 1-
faces. After Step 2, H is defined on the “empty box without a top” over each
Whitney cube. In Step 3, H is defined on each 3-cube C�I , C P C by retracting
it onto the empty box from Step 2 and applying the value of H from Step 2.
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that the answer is positive but only if we are willing to replace interiors of the
n-cubes C P C with open manifolds constructed as finite unions of such cubes.
Indeed, the sequentially pn � 1q-connected property allows us to recursively
construct the maps Hk on all faces of cubes in C . If we only know that X is
pn� 1q-tame, we may perform the same construction only for a cofinite subset
of faces in each dimension k ¤ n. We give a slightly shorter proof since most of
the construction is the same as in the proof of Lemma 4.3.

Lemma 4.6. Let n ¥ 1 and X be a path-connected space that is pn�1q-tame at
x0 P X. Suppose f P XIn and U is an open set in p0, 1qn such that fpBUq � x0.
Then there is a map g P ΩnpX,x0q and pairwise-disjoint, connected, open n-
manifolds M1,M2,M3, . . . ,� U such that
• f is homotopic rel. to g by a homotopy constant on InzU ,
• there exists k P N such that Mi is a finite union of n-cubes for all 1 ¤ i ¤ k

and Mi is a n-cube for i ¡ k,
• U �

�
iPNMi,

• gpBMiq � x0 for all i P N.

Proof. Let C be a Whitney cover of U and set A � InzU . Define Y0 � In �
t0u YA� I Y

�
CPC BC � t1u. Define Y0 and H0 as in the Proof of Lemma 4.3.

Note that tfpvq | v P C0u clusters at x0. Since X is path connected and 0-tame
at x0, X is sequentially 0-connected at x0. Setting D0 � C0, there exists a set
of paths αv : I Ñ X, v P D0 from fpvq to x0. Let Y1 � Y0 Y

�
vPD0

tvu � I and
define H1 : Y1 Ñ X as an extension of H0 by defining Hpv, tq � αvptq. Let B1

be the set of K P C1 whose endpoints lie in D0 and note that B1 is cofinite in
C1. For each K P B1, let gK : K �t0, 1uY bdpKq � I Ñ X be the restriction of
H1 and notice that tgK | K P B1u clusters at x0.

Suppose, for 1 ¤ k ¤ n� 1, we have constructed cofinite sets Bk � Ck and
a continuous extension Hk : Yk Ñ X of Hk�1 with the property that if gK is
the restriction of Hk�1 to SK � K � t0, 1u Y bdpKq � I for K P Bk, then the
collection tgKuKPBk

clusters at x0 when we identify each Sk with BIk�1 in the
canonical way. Since X is assumed to be k-tame at x0, there exists a a cofinite
subset Dk � Bk and collections of maps GK : K � I Ñ X, K P Dk such that
GK |SK � gK and such that tGK | K P Dku clusters at x0 when each K � I is
identified with Ik�1 in the canonical way. Let

Yk�1 � Yk Y
¤

KPDk

K � I.

Define the extension Hk�1 of Hk on K � I, K P Dk so that Hk�1|K�I � Gk for
K P Ck. This is clearly well-defined and is continuous based on the continuity
of Hk and the fact that tGK | K P Cku clusters at x0. Let Bk�1 be the cofinite
subset of Ck�1 consisting of all the pk�1q-cubes K such that bdpKq is the union
of elements from Dk.

We proceed until we arrive at an extension Hn : Yn Ñ X and the cofinite
subset Bn of C consisting of all n-cubes C P C such that BC is the union of
pn�1q-cubes in Dn�1. Let Z � f�1px0qY

�
BPBn

B and defineG : In�t0uYZ�I
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so that Gpx, tq � x0 if px, tq P f�1px0q � I and if B P Bn, then G|B�I is the
composition of the retraction B � I Ñ B � t0u Y bdpBq � I and the restriction
of Hn to B � I Ñ B � t0u Y bdpBq � I. Continuity of G requires the same
observations used in the proof of Lemma 4.3. Notice that W � InzZ is open and
has closure equal to the union of the finitely many n-cubes in C zBn. Therefore,
W is the union of finitely many open n-manifolds M1,M2,M3, . . . ,Mk and the
closure of each is a finite union of n-cubes. In particular pMi, BMiq has the
homotopy extension property for all 1 ¤ i ¤ k. Hence, we may extend G to a
map H : In� I Ñ X by choosing a retraction ri : Mi� I ÑMi�t0u�BMi� I
and define Hpx, tq � Hpripx, tqq for px, tq P Mi � I. Let g P In Ñ X be
the map gpxq � Hpx, 1q. If we write Bn � tBm�1, Bm�2, Bm�3, . . . u and set
Mi � intpBiq for i ¡ m, we complete the definition of Mi, i P N in a manner
that satisfies the conclusion of the Lemma.

If we add the n-tame condition to Lemma 4.6, then the cofinal sequence of
maps g|Mi

(from the conclusion of the Lemma), which are n-loops based at x0

must have a cofinal subsequence that is sequentially null-homotopic.

Corollary 4.7. Let n ¥ 1 and X be a path-connected space that is n-tame
at x0 P X. Suppose f : In Ñ X is a map and U is an open set in p0, 1qn

such that fpBUq � x0. Then there is a map g : In Ñ X and finitely many
pairwise-disjoint, connected, open n-manifolds M1,M2,M3, . . . ,Mk � U such
that
• f is homotopic to g by a homotopy constant on InzU ,
• Mi is a finite union of n-cubes for all 1 ¤ i ¤ k,
• gpUz

�k
i�1Miq � x0.

4.2 Homotopy factorization in shrinking adjunction spaces

Here, we apply the methods from the previous section to n-loops in shrinking
adjunction spaces. Notice that this first definition is intentionally given for the
far more general indeterminate adjunction spaces.

Definition 4.8. Let Y be an indeterminate adjunction space with core X,
attachment spaces tAjujPJ , and attachment points txjujPJ . Let y0 P Y . We say
that an n-loop f P ΩnpY, y0q is in factored form with respect to this decomposition
of Y if for every j P J , there is a (possibly empty) n-domain Cj in Uj �

f�1pAjztajuq such that f
�
Ujz

�
CPCj

intpCq
	
� aj .

If a choice of decomposition for Y (e.g. Y � AdjpX,xj , Aj , ajq if Y is a
shrinking adjunction space) is clear from context, we may simply say that f
is in factored form. We refer to the collection tCj | j P Ju of n-domains as a
factorization of f and to the n-loops f |C P ΩnpAj , ajq, C P Cj as the Aj-factors
of f .

An n-loop f P ΩnpY, y0q is in factored form in a shrinking adjunction space
Y � AdjpX,xj , Aj , ajq with factorization tCj | j P Nu if and only if for each
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j P N either rj � g is constant (in which case Cj � H) or rj � g �
±
CPCj

g|C is
a Cj-concatenation.

Lemma 4.9 (Existence of factored forms). Let n ¥ 1, Y � AdjpX,xj , Aj , ajq
where pAj , ajq is sequentially pn�1q-connected for all j P N, and y0 P X. Every
n-loop f P ΩnpY, y0q is homotopic to some g P ΩnpY, y0q that is in factored form.
Moreover, the homotopy from f to g may be chosen to be the constant homotopy
on f�1pXq and to have image in Impfq Y

�
tAj | Impfq XAjztaju � Hu.

Proof. Let Uj � f�1pAjztajuq � prj � fq
�1pAjztajuq and choose a Whitney

cover Cj of Uj . Apply Lemma 4.3 to rj �f to find a sequence tgj,C P ΩnpAj , ajq |
C P Cju that clusters at aj and such that rj � f �

±
CPCj

gC,j by a homotopy

Hj : I � I Ñ Aj that is the constant homotopy on prj � fq
�1pajq � InzUj .

Define g P ΩnpY, y0q to be the function, which agrees with f on f�1pXq and
such that g|C � gC,j for all j P N, C P Cj . Corollary 4.5 ensures that this
construction may be achieved continuously for any finite number collection of
j P N. Recalling the inverse limit definition Y � limÐÝk Yk, it follows that the
projection ρk �g : In Ñ Yk is continuous for all k P N. Thus g is continuous with
respect to the inverse limit topology on Y . Similarly, define H : In � I Ñ Y so
that Hpx, tq � fpxq when fpxq P X and Hpx, tq � Hjpx, tq if x P Uj . As before,
Corollary 4.5 ensures the projections ρk � H are continuous for all k P N. We
conclude that H is continuous.

The next lemma shows that our construction of factored-form homotopy-
representatives may be carried out in a way that preserves convergence to a
point.

Lemma 4.10 (Sequential factorization). Let n ¥ 1, Y � AdjpX,xj , Aj , ajq
where pAj , ajq is sequentially pn � 1q-connected for all j P N, and y0 P X. Let
tfmumPN be a sequence in ΩnpY, y0q that converges to y0. Then tfmumPN is
sequentially homotopic to a sequence tgmumPN in ΩnpY, y0q such that, for every
m P N, gm is in factored form. Moreover, the sequential homotopy tHmumPN
from tfmumPN to tgmumPN may be chosen to have the following properties: for
all m P N,
• Hm is the constant homotopy on f�1

m pXq,
• ImpHmq � Impfmq Y

�
tAj | Impfmq XAjztaju � Hu.

Proof. Since tfmumPN converges to y0, we may form the infinite concatenation

f �
±
mPN fm P ΩnpY, y0q. Let Km �

�
m�1
m , m

m�1

�
� In�1 and note that K ��

mPN BKm Y t1u � In � f�1py0q. By Lemma 4.9, f is homotopic to an n-loop
g P ΩnpY, y0q in factored form by a homotopyH, which is the constant homotopy
on f�1pXq and to have image in Impfq Y

�
tAj | Impfq X Ajztaju � Hu. Let

Hm � H �LIn�1,K�I . Since K � f�1py0q � f�1pXq, we have HmpBI
n�Iq � y0

for all m P N. Define gm P ΩnpY, y0q by gmpxq � Hmpx, 1q and note that
g �

±
mPN gm. Since g is in factored form, each restriction gm must also be

in factored form. Additionally, for each m P N, H is the constant homotopy
on f�1pXq X Km � f |�1

Km
pXq. Therefore, Hm is the constant homotopy on
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f�1
m pXq. Moreover, the construction of H from Lemma 4.9 makes it clear that

ImpHmq � Impfmq Y
�
tAj | Impfmq XAjztaju � Hu.

Theorem 4.11. Let n ¥ 0, Y � AdjpX,xj , Aj , ajq where pAj , ajq is sequen-
tially n-connected for all j P N, and y0 P X. Every sequence tfmumPN in
ΩnpY, y0q that converges to y0 is sequentially homotopic to tr � fmumPN where
r : Y Ñ X is the canonical retraction. Moreover, if X is sequentially n-
connected at y0, then Y is sequentially n-connected at y0.

Proof. The case n � 0 is proved in Lemma 3.9. Suppose n ¥ 1 and that tfmumPN
is a sequence in ΩnpY, y0q that converges to y0. Since tfmumPN converges to y0

and the retraction r : Y Ñ X is continuous, tr � fmumPN converges to y0. By
Lemma 4.10, we may assume that fm is in factored form for all m P N. We
will construct a sequential homotopy tfmumPN � tr � fmumPN by constructing a
single homotopy H from f �

±
mPN fm to g �

±
mPN r � fm. Note that f is in

factored form since each fm is. Set Uj � f�1pAjztajuq �
�
mPN f

�1
m pAjztajuq.

Choose a factorization of f , i.e. Whitney covers Cj of Uj such that fpBCq � aj
for all C P Cj . The continuity of f ensures that tf |C | C P Cju clusters at
aj . Therefore, since Aj assumed to be sequentially n-connected at aj , there
are maps Hj,C : C � I Ñ Aj , C P Cj such that Hj,Cpx, 0q � fmpxq and
Hj,CpBC � I Y C � t1uq � aj and so that the collection tHj,C | C P Cm,ju
clusters at aj .

Define H : In� I Ñ Y to be the constant homotopy on f�1pXq and so that
H|C � Hj,C whenever C P Cj . Let sk : Y Ñ X_Ak be the retraction collapsing
Aj , j � k to aj . Notice that sk �H : In � I Ñ X _ Ak is continuous for every
k P N since every neighborhood of ak in X _ Ak contains ImpHk,Cq for all but
finitely many C P Cm,k. It follows that ρk �H : In�I Ñ Yk is continuous for all
k P N. Since Y � limÐÝk Yk, we conclude that H is continuous. By construction,

H is a homotopy from f to g. Therefore, if Km �
�
m�1
m , m

m�1

�
� In, we let

Hm � H|Km�I � LIn�I,Km�I . Now tHmumPN is a sequential homotopy from
tfmumPN to tr � fmumPN.

For the second statement, we add the assumption that X is sequentially
n-connected at y0. Now if tfmumPN � ΩnpY, y0q converges to y0, then by the
first part, tfmumPN � tr �fmumPN. Since tr �fmumPN is a sequence of n-loops in
X that converges to y0, tr �fmumPN must be sequentially null-homotopic. Thus
tfmumPN is sequentially null-homotopic.

Corollary 4.12. Let n ¥ 2, Y � AdjpX,xj , Aj , ajq where X is path connected
and pAj , ajq is sequentially n-connected for all j P N, and y0 P X. Then the
retraction r : Y Ñ X induces an isomorphism r# : πmpY, y0q Ñ πmpX, y0q for
all 0 ¤ m ¤ n.

Definition 4.13. Let Y � AdjpX,xj , Aj , ajq, y0 P Y , and f, g P ΩnpY, y0q be
in factored form. We say that a factorization tCjujPN of f and a factorization
tDjujPN of g are equivalent if for each j P N, there exists bijection κj : Cj Ñ Dj

such that for all C P Cj , f |C � g|κjpCq.
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Remark 4.14. One should not jump to the tempting conclusion that dis-
tinct n-loops that admit equivalent factored forms in Y � AdjpX,xj , Aj , ajq
are homotopic in Y . Indeed, the open sets f�1pAjztajuq and g�1pAjztajuq
may have nothing in common and they may each have infinitely many com-
ponents. Such a homotopy is only easy to construct (using Theorem 2.6) if
f�1pAjztajuq � g�1pAjztajuq and if this set is an open n-cube. Below, we
will define n-loops enjoying such a simple factored-form to be in “single-factor
form.” It requires a substantial effort to identify cases where we may homotope
an ordinary factored form into single-factor form. To this end, we will use the
next lemmas to carefully maintain control over the size and structure of the
images of the n-loops involved.

Remark 4.15 (Iterated shrinking adjunction spaces). In the next lemma, we
consider iterated shrinking adjunction spaces. In particular, let Y � AdjpX,xj , Aj , ajq
and Z � AdjpY, yi, Bi, biq be a shrinking adjunction space with core space Y
(see Figure 10). By adding one-point spaces to tBiuiPN (if necessary), we may
assume that T � ti P N | yi P Xu is infinite and Tj � ti P N | yi P Ajztajuu is
infinite for all j P N, that is, there are infinitely many spaces Bi attached to X
and each Aj . Moreover, we may then add one-point spaces to tAjujPN so that
txj | j P Nu � tyi | i P T u

Define A�j � AjY
�
iPTj Bi. We may identify A�j as the shrinking adjunction

space
A�j � Adj

�
Aj , tyiuiPTj , tBiuiPTj , tbiuiPTj

�
.

Additionally, we may view X� � XY
�
iPT Bi as the shrinking adjunction space

X� � Adj pX, tyiuiPT , tBiuiPT , tbiuiPT q .

Finally, we point out the existence of the decomposition Z � AdjpX�, xj , A�j , ajq.

Figure 10: A shrinking adjunction space Z with core space Y �
AdjpX,xj , Aj , ajq and attachment spaces tBiuiPN.
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Lemma 4.16. Consider Y � AdjpX,xj , Aj , ajq and Z � AdjpY, yi, Bi, biq
and the corresponding shrinking adjunction spaces X� and A�j as described in
Remark 4.15. Let z0 P X. Suppose n ¥ 1 and that pX, z0q is sequentially
pn � 1q-connected and pAj , ajq is sequentially pn � 1q-connected for all j P N.
If f P ΩnpZ, z0q is in factored form with respect to Z � AdjpY, yi, Bi, biq with
factorization tCiuiPN, then there exists a map g P ΩnpZ, z0q such that
• f is homotopic to g by a homotopy that is constant on f�1pX�q and which

has image in Y Y Impfq,
• g admits a factorization tRjujPN with respect to Z � AdjpX�, xj , A�j , ajq,
• g admits a factorization tDiuiPN with respect to Z � AdjpY, yi, Bi, biq that

is equivalent to tCiuiPN.
Moreover, for every D P Di with i P Tj, there exists R P Cj such that D � R.

Proof. Recall that T � ti P N | yi P Xu and each Tj � ti P N | yi P Ajztajuu are
infinite. Since f is in factored form with respect to Z � AdjpY, yi, Bi, biq,
for each i P N, there a Whitney cover Ci of Vi � f�1pBiztbiuq such that
fpViz

�
CPCi

intpCqq � bi. In particular, fpBCq � bi for all C P Ci. Let

Uj � f�1pA�j ztajuq and note that Vi � Uj whenever i P Tj . For each j P N,
choose a Whitney cover Rj of Uj .

For the moment, fix a pair pj, iq with i P Tj . For every C P Ci, the interior of
C meets the interior of some R P Rj in an open n-cube and so we may choose
n-cube C 1 � intpCq X intpRq. Let C 1

i denote the sub-n-domain tC 1 | C P Ciu of
Ci. Making these choices for all i P Tj , ensures that given any C P Ci, we have
C 1 � intpRq for some R P Rj .

Define f 1 P ΩnpZ, z0q so that f 1 agrees with f on f�1pY Y
�
iPT Biq and so

that for each C P Ci, f 1pCz intpC 1qq � aj and f 1|C1 � f |C � LC1,C . Intuitively,
f 1 is the same as f except that the domain of each of the Aj-factors has been
made small enough to fit in some element of R �

�
jPN Rj . In particular f 1

is in factored form and the factorization C 1
i is equivalent to Ci. Since C 1 � C

for all C P Ci, there exists a cube-shrinking homotopy H : In � I Ñ Z from f
to f 1 as described in Lemma 2.8. Specifically, H is the constant homotopy on
f�1pY Y

�
iPT Biq, whenever C P Ci, H|C�I : C � I Ñ Bi continuously shrinks

the domain of f from C to C 1, and if K is the convex hull of C �t0uYC 1�t1u
in C � I, then HppC � Iqz intpKqq � aj . Hence, ImpHq � Impfq.

Observing the similarities between f and f 1, we have Uj � pf 1q�1pA�j ztajuq.
Therefore, Rj is a Whitney cover of pf 1q�1pA�j ztajuq with the property that for
all i P Tj and C 1 P C 1

i , we have C 1 � intpRq for some R P Rj . Additionally,
since

pf 1q�1

��¤
iPTj

Biztbiu

�
� ¤
iPTj

¤
C1PC 1

i

intpC 1q �
¤
RPRj

intpRq,

it follows that f 1pBRq � Aj for all R P Rj .
Since Aj is sequentially pn � 1q-connected at aj and f 1pBRq � Aj for all

R P Rj , we apply the modification of the construction of the homotopy H from
Lemma 4.3 that is described in Remark 4.4. In particular, there is a homotopy
H : In � I Ñ Z from f 1 to a map g P ΩnpZ, z0q such that
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• f 1 is homotopic to g by a homotopy constant on pf 1q�1pX�q � f�1pX�q,
• for each R P Rj , gpBRq � aj and there is a unique n-cube KR � intpRq

such that g|KR � pf 1q|R and gpRz intpKRqq � Aj .
The construction of H is given by considering the retraction ζj : Z Ñ A�j and
applying the construction in Lemma 4.3 to ζj � f

1 to obtain a homotopy Hj ,
which is the constant homotopy on InzUj and which maps Uj � I into Aj . In
particular, the recursive steps used to construct Hj may all be carried out in Aj
since f 1pBRq � Aj for all R P Rm and tf 1|R | R P Rju clusters at aj . Take H to
be the constant homotopy on pf 1q�1pX�q and Hpx, tq � Hjpx, tq when x P Uj .
If sj : Z Ñ X�_A�j is the canonical retraction, then sj �H : In� I Ñ X�_A�j
is continuous for all j. Hence, by viewing Z as the shrinking adjunction space
Z � AdjpX�, xj , A�j , ajq, it follows that H is continuous.

The composition homotopy f � f 1 � g has image in Y Y Impfq. The sets
tRjujPN form a factorization of g with respect to Z � AdjpX�, xj , A�j , ajq. By
the second bullet point in the description of g, for each C 1, there is a unique
n-cube C2 � KR � intpRq such that g|C2 � pf 1q|C1 � f |C . The n-domain
Di � tC2 | Ciu forms a factorization of g that is equivalent to the original
factorization tCiuiPN of f .

Perhaps the most important thing to notice about Lemma 4.16 is that no
assumptions need to be made about the attachment spaces Bi. Indeed, the
argument uses the assumed factorization of f without calling upon the spaces
Bi in any other way. The next lemma is a strengthened version of Lemma 4.16
for the case when Y is a shrinking wedge. No assumptions on the spaces Bi are
required for this lemma either.

Lemma 4.17. Let X � tz0u and pAj , ajq be sequentially pn� 1q-connected for

all j P N. Let Y � ��jPNpAj , ajq be the shrinking wedge with basepoint z0 and
consider the shrinking adjunction space Z � AdjpY, yi, Bi, biq. Define subspaces

X� � ��iPTBi and A�j of Z as in Remark 4.15. If f P ΩnpZ, z0q is in factored
form with respect to Z � AdjpY, yi, Bi, biq (with factorization tCiuiPN), then f
is homotopic to an infinite concatenation

±
iPT hi �

±
jPN gj such that

• for all i P T , hi P ΩnpBi, biq
• for all j P N, gj P ΩpA�j , ajq is in factored form in

A�j � AdjpAj , tyiuiPTj , tBiuiPTj , tbiuiPTj q

with a factorization equivalent to the factorization tCiuiPTj of rj � f P
ΩpA�j , ajq.

Moreover, we may choose the homotopy f �
±
iPT hi �

±
jPN gj to be constant on

f�1pz0q and to have image in Y Y Impfq.

Proof. Lemma 4.16 gives a map g P ΩnpZ, z0q such that
(1) f is homotopic to g by a homotopy that is constant on f�1pX�q and with

image in Y Y Impfq,
(2) g admits a factorization tRjujPN with respect to Z � AdjpX�, xj , A�j , ajq,
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(3) g admits a factorization tDiuiPN with respect to Z � AdjpY, yi, Bi, biq
that is equivalent to tCiuiPN.

In particular, Condition 2. gives:
(i) g|D P ΩpBi, z0q whenever i P T and D P Di,

(ii) g|R P ΩnpA�j , ajq for all R P Rj ,
(iii) if S �

�
iPT Di Y

�
jPN Rj , then gpInz

�
S q � z0

In other words, g �
±
SPS g|S . The final statement in Lemma 4.16 ensures that

p�q whenever i P Tj and D P Di, we have D � R for some R P Rj .
Since g is an S -concatenation, we apply an infinite shuffle (Theorem 2.6) to
collect all g|S , S P Di, i P Tj into a single n-loop hi and all gS , S P Rj into
a single n-loop gj . We choose a rearrangement so that f �

±
iPT hi �

±
jPN gj

as in the statement of the lemma. Shuffle homotopies have image within the
n-loop to which they are applied. In this case, the shuffle will only rearrange
the n-domains Di, i P Tj and Rj . Therefore, observation p�q ensures that there
exists a factorization for

±
iPT hi �

±
jPN gj with respect to Z � AdjpY, yi, Bi, biq

that is equivalent to the factorization tCiuiPN of f .

Remark 4.18. Recall that since the sequentially pn� 1q-connected property is
preserved by shrinking wedges of based spaces, whenever we assume attachment
spaces pBi, biq are sequentially pn � 1q-connected, we may replace all spaces
attached at a fixed point y P Y with the finite or infinite shrinking wedge�
tBi | bi � yu. Hence, we may assume that i ÞÑ bi is injective. Applying this

assumption to Lemma 4.17 would leave at most one space Bi attached at the
wedgepoint z0. Assuming B1 is a sole attachment space at z0, the conclusion of
the lemma becomes f � h1 �

±
jPN gj for a map h1 P ΩnpB1, b1q.

Recalling Remark 4.14, it is desirable to have a version of factored form with
a single-factor in each attachment space.

Definition 4.19. Let Y � AdjpX,xj , Aj , ajq and y0 P X. We say that f P
ΩnpY, y0q is in single-factor form with respect to the decomposition AdjpX,xj , Aj , ajq
if there exists a factorization tCjujPN of f such that each Cj contains at most
one n-cube.

Note that a map f is in single-factor form if and only if there exists J � N
and n-domain R � tRj | j P Ju such that fpInz

�
Rq � X and such that

fpRjq � Aj , fpBRjq � aj for all j P J .

Lemma 4.20. Let Y � AdjpX,xj , Aj , ajq and y0 P X. If f P ΩnpY, y0q is
in single-factor form with factorization R � tRj | j P Nu and f |Rj is null-
homotopic in Aj for all j P N, then f is homotopic rel. BIn to r � f P ΩnpX, y0q

Proof. For each j P N, choose a null-homotopy Hj : Rj�I Ñ Aj with Hjpx, 0q �
f |Rj pxq and HjpBI

n � I Y I � t1uq � aj . Define a homotopy H : In � I Ñ Y
to be constant homotopy on f�1pXq and so that Hpx, tq � Hjpx, tq whenever
x P Rj . Each projection ρk �H : In�I Ñ Yk is continuous by the usual Pasting
Lemma and so H is continuous. By construction, H is a homotopy from f to
r � f .
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Suppose an n-loop f in Y � AdjpX,xj , Aj , ajq admits a factorization tCjujPN
where each Cj consists of two n-cubes Rj , Sj . Unless the core X consists of a
single point, there may be no obvious way to perform a n-cube shuffle or some
other kind of continuous deformation that merges each Rj and Sj into a single
n-cube with the goal of arriving at single-factored form. Even when X consists

of a single point (so that Y ���NAj) we must have Theorem 2.6 at our disposal.
We focus on this important case in the next section.

4.3 Homotopy groups of shrinking wedges

Recall that a shrinking wedge ��jPNAj of based spaces is a shrinking adjunction
space where X � tb0u is a single point space. We treat this special case first
since (1) our approach improves the best-known results and (2) since infinite n-
loop factorization in shrinking wedges will be required in the following sections.
The next two corollaries are direct applications of Lemma 4.9 and Theorem 4.11
respectively.

Corollary 4.21. Let n ¥ 1, pAj , ajq be sequentially pn � 1q-connected for all

j P N, and Y � ��
jPNAj with wedge point y0. Every map f P ΩnpY, y0q is

homotopic to a map g P ΩnpY, y0q that is in factored form by a homotopy that
is constant on f�1py0q and which as image in

�
tAj | Impfq XAj � Hu.

Corollary 4.22. If n ¥ 0 and tpAj , ajq | j P Ju is a countable collection of

sequentially n-connected based spaces, then ��jPNAj is sequentially n-connected
at the wedge point.

To prove the next lemma, apply an infinitary n-cube shuffle (Theorem 2.6)
to the map g in Corollary 4.21. Specifically, if C is a factorization of g, then
we shuffle the cubes C P C for which g|C P ΩpAj , ajq to a disjoint family of

n-cubes in
�
j�1
j , j

j�1

�
� In�1. Doing so gives a homotopy from g to a true

infinite concatenation
±
jPN gj where gj is an n-loop in Aj based at aj � y0.

Such a map
±
jPN gj is single-factor form with respect to the decomposition

Y � Adjpty0u, ty0ujPN, Aj , ajq. Recall that a shuffle homotopy applied to a
C -concatenation g �

±
CPC gC has image within Impgq.

Lemma 4.23. Suppose n ¥ 1, the spaces Aj, j P N are sequentially pn � 1q-

connected at aj P Aj, and let Y � ��
jPNAj with wedge point b0. Every n-loop

f P ΩnpY, b0q is homotopic to an infinite concatenation
±
jPN gj where gj P

ΩnpAj , ajq by a homotopy with image in
�
tAj | ImpfqXAj � Hu. Moreover, if

f was already in factored form, then the homotopy may be chosen to have image
in Impfq.

Remark 4.24. Although we do not make use of them in the current paper,
there are applications of Lemma 4.6 and Corollary 4.7 that apply the same
argument used in the proof of Theorem 4.9. For example: Suppose n ¥ 2

and Y � ��
jPNpAj , ajq where Aj is n-tame at aj . Then for every map f P
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ΩnpY, y0q, there exists a map g P ΩnpY, y0q and connected, open n-manifolds
Mj,1,Mj,2, . . . ,Mj,kj � p0, 1qn, j P N such that
• f is homotopic rel. BIn to g,
• the collection tMj,i | j P N, 1 ¤ i ¤ kju is pairwise-disjoint,
• Mj,i is a finite union of n-cubes for all j P N, 1 ¤ i ¤ kj ,

• gp
�kj
i�1Mj,iq � Aj for all j P N,

• gpInz
�
jPN
�kj
i�1Mj,iq � y0.

Moreover, this homotopy may be chosen to be the constant homotopy on f�1py0q
and to have image in

�
tAj | Impfq XAj � Hu.

At this point, we can generalize the main result in [12]. We remind the
reader that the utility of this generalization is the fact that, unlike the local
contractability conditions imposed on the spaces Aj in [12], the sequentially
pn � 1q-connected property is closed under many more constructions (Recall
Section 2.4).

Theorem 4.25. Let n ¥ 2 and Y � ��
jPNAj be the shrinking wedge of a

sequence pAj , ajq, j P N of based spaces. Then the canonical homomorphism

φ : πn pY, b0q Ñ
¹
jPN

πnpAj , ajq, φprf sq � prr1 � f s, rr2 � f s, rr3 � f s, . . . q

is a split epimorphism. Moreover, if pAj , ajq is sequentially pn � 1q-connected
for all j P N, then φ is an isomorphism.

Proof. The first statement is a special case of Theorem 3.12; however, this result
was is also proved in [20, Theorem 2.1] and [4, Lemma 5.3]. Suppose pAj , ajq is
sequentially pn�1q-connected for all j P N and f P ΩnpY, b0q is a map such that
rj � f is null-homotopic for all j P N. By Lemma 4.23, we have f �

±
jPN gj

where gj P ΩnpAj , ajq. Since gj � rj � g � rj � f is null-homotopic, we may
choose a null-homotopy Hj : In � I Ñ Aj of gj , i.e. with Hjpx, 0q � gjpxq and
HjpBI

n � I Y In � t1uq � aj . The infinite horizontal concatenation
±
jPNHj

now gives a null-homotopy of
±
jPN gj . We conclude that f is null-homotopic in

Y . This proves the injectivity of φ.

When all but finitely many Aj are one-point spaces, Corollary 4.22 and
Theorem 4.25 apply to finite wedges of based spaces. Since any compact subset
of an infinite wedge

�
jPNAj with the weak topology lies in a finite sub-wedge,

we have the following corollary.

Corollary 4.26. If n ¥ 2 and the based spaces pAj , ajq, j P N are sequentially
pn� 1q-connected, then

�
jPNAj is sequentially pn� 1q-connected at the wedge

point b0 and πn

��
jPNAj , b0

	
�
À

jPN πnpAj , ajq.

Example 4.27. All of the cases proved in [10] are included in Corollary 4.26.
Two important examples (where n ¥ 2) are the following:
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(1) when Aj � Sn for all j P N, i.e. Y is the n-dimensional Hawaiian earring,
we have

πnpHnq �
¹
jPN

πnpS
nq � ZN.

(2) when Aj � CHn for all j P N, πn

���
jPNCHn

	
�
±
jPN πnpCHnq is trivial

(recall 2.25). We note that the authors of [12] cannot include this example
directly in their main result because CHn does not meet the required local
contractability condition. Rather they call upon singular homology and
the Hurewicz theorem. In contrast, our approach follows directly from our
use of sequentially pn� 1q-connected spaces.

Example 4.28. If tpAj , ajqujPN is a sequence of sequentially pn� 1q-connected

and πn-residual based spaces, then��jPNAj is πn-residual at the wedge point x0.

Indeed, if tfkukPN is a sequence of null-homotopic n-loops in Ωnp��jPNAj , x0q, we

may find j1 ¤ j2 ¤ j3 ¤ � � � such that tjku Ñ 8 and Impfkq � ��j¥jkAj . Ap-
plying Lemmas 4.20 and 4.23, we see that each fk contracts by a null-homotopy

Hk with image in ��j¥jkAj . Since tHkukPN converges to x0, we can conclude
that tfkukPN is sequentially null-homotopic. Hence, Hn is πn-residual. More-
over, combined with Corollary 4.22, this observation shows that the property
conjoined property “sequentially pn � 1q-connected and πn-residual” of based
spaces is closed under forming shrinking wedges.

Generalized universal coverings of shrinking adjunction spaces will generally
be indeterminate adjunction spaces with uncountably many attachment spaces.
In the next example, we analyze a situation motivated by this phenomenon.

Example 4.29 (An intermediate wedge of cones). Consider the cone CHn
where the basepoint x0 is the image of pb0, 0q in CHn. For each j P N, let Bj be
a copy of Hn and Aj � CBj with basepoint aj � x0 P Bj . We give the wedge
Y �

�
jPNpAj , ajq (with wedgepoint b0) a topology that lies strictly between

the weak topology and inverse limit topology. If V � CHn, then we write Vj to
denote the corresponding subset of Aj . A set U � Y is open if and only if

(1) U XAj is open in Aj for all j,
(2) if b0 P U , then there exists an open neighborhood V of x0 in CHn such

that
�
jPN Vj � U .

If Aj � CHn has the metric induced from an embedding in Rn�2, then the
topology of Y is induced by the quotient metric inherited from the metric spaces
tAjujPN. It is in this sense that all of the attached cones are “of the same size.”
This topology is coarse enough that a compact subset K � Y can meet Ajztaju
for infinitely many j. For instance, let µj,k : Sn Ñ Bj be the inclusion into
the k-th sphere and define f : pHn, b0q Ñ pY, b0q by f � `j � µj,j . Now f � `j
is null-homotopic in Y for all j P N since it may be contracted in the cone Aj .
However, the image of a pointed null-homotopy H of f can only meet the vertex
vj of Aj for finitely many j, say j P t1, 2, . . . , ku. There is a canonical retraction
R : Y ztv1, v2, . . . , vku Ñ Zk where Zk � I Y

�
j k Aj Y

�
j¥k Bj . Thus, R �H
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is a null-homotopy of R � f in Zk. However, R � f is not null-homotopic since,
for all j, the j-th sphere of Bj is a retract of Zk. This contradiction proves that
Y is not πn-residual at b0.

Although, it follows from our last observation that πnpY, b0q � limÝÑk
πnpZk, b0q,

further analysis is required to obtain a canonical characterization of πnpY, b0q
that one might consider a “computation.” We give a brief exposition of this
argument and leave the details as an exercise. Let Bj,i � Hn denote the i-th
sphere of Bj . If f P ΩnpZk, b0q, then using the compactness of Impfq, there
exists an unbounded, non-decreasing sequence s :� mk ¤ mk�1 ¤ mk�2 ¤ in N
and an n-loop g such that f � g and

Impgq �Wk,s �
¤
j k

Aj Y
¤
j¥k

¤
i¥mj

Bj,i.

The space Wk,s is homeomorphic to the sequentially pn� 1q-connected shrink-

ing wedge
�
j k CHn _ ��j¥kHn and therefore, πnpWk,s, b0q � πnpHnqN �

ZN�N � ZN is isomorphic to the Baer-Specker group. By defining a natural
direct ordering on the set of pairs pk, sq as described above, it follows that
πnpY, b0q � limÝÑpk,sq πnpWk,s, b0q. Hence, πnpY, b0q is isomorphic to a direct

limit of copies of the Baer-Specker group. In particular, every finitely generated
subgroup of πnpY, b0q is free abelian.

5 Shrinking adjunction spaces with dendrite core

The goal of this section is to prove an analogue of Lemma 4.23 for shrinking
adjunction spaces Y � AdjpX,xj , Aj , ajq � limÐÝk Yk where X is a dendrite.
Specifically we will seek to show that any n-loop is homotopic to another that is
in single-factor form. Since generalized covering spaces of shrinking adjunction
spaces will generally be indeterminate adjunction spaces, we must pay close
attention to the size the homotopies we construct. In the end, we will show that
if f is already in factored form, then the homotopy to single-factored form may
be constructed within X Y Impfq. The technical results from Section 4.2 will
be applied recursively to achieve this.

As before, the maps ρk : Y Ñ Yk, rj : Y Ñ Aj , and r : Y Ñ X will denote
the canonical retractions. As noted in Example 2.26, dendrites are sequentially
pn � 1q-connected at all of their points. Therefore, by Theorem 4.11, Y is
sequentially pn�1q-connected at all points. Therefore, we may apply the results
of Section 4.2 to any shrinking adjunction space of this form. In particular, if
K is a compact, connected subspace of X, then K is a dendrite and KY

�
tAj |

xj P Ku is a shrinking adjunction space with dendrite core. Hence, we may
apply the results of Section 4.2 to subspaces of this form as well.

5.1 Homotopy factorization for an arc core

In this section, we assume X � r0, 1s. We briefly recall the notation established
in Remark 4.15. Let txju be a sequence of distinct points in X, and Aj be
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a Peano continuum that is sequentially pn � 1q-connected at aj P Aj . Set
Y � Adjpr0, 1s, xj , Aj , ajq. Let tyiuiPN be a sequence of distinct points in Y
and tpBi, biquiPN be any sequence of based spaces. Set Z � AdjpY, yi, Bi, biq.
Recall that T � ti P N | yi P r0, 1su and Tj � ti P N | yi P Ajztajuu. We
also reuse the following notation established in Section 4.2 for the respective
subspaces of Z.
• A�j � Adj

�
Aj , tyiuiPTj , tBiuiPTj , tbiuiPTj

�
is the shrinking adjunction space

with core Aj and attachment spaces Bi i P Tj . Note that there is no Bi
attached to aj in A�j .

• X� � Adj pr0, 1s, tyiuiPT , tBiuiPT , tbiuiPT q has arc core r0, 1s with at-
tached spaces Bi, i P T .

Remark 5.1 (Simplifying the structure of Z). By adding one-point spaces to
the sequences tAju and tBiu, if necessary, we may assume that
• T and each Tj are infinite,
• tyi | i P Tju is dense in Aj ,
• tyi | i P T u � txj | j P Nu is dense in r0, 1s and contains t0, 1u.

Moreover, let D � t k2n | n P N, 1 ¤ k ¤ 2n � 1u denote the set of dyadic
rationals in p0, 1q. Since txj | j P Nu is a countable dense set in I containing
0 and 1, there is an order-preserving bijection φ : txj | j P Nu Ñ t0, 1u Y D
where both domain and codomain are considered as suborders of I. Since I is
the metric completion of both subsets, this bijection extends continuously to a
homeomorphism I Ñ I. Therefore, without changing the homeomorphism type
of Y or Z, we may assume that x1 � 0, x2 � 1, and txj | j ¥ 3u � D . Since
reordering the set txj | j P Nu does not change the homeomorphism type of Y ,
we may assume that txjuj¥3 enumerates D in the standard pattern:

x3 � 1{2, x4 � 1{4, x5 � 3{4, x6 � 1{8, x7 � 3{8, . . .

For convenience, we change the indices of our attachment spaces to match the
ordering of D . For each dyadic rational d P D Y t0, 1u, we have d � xj � yi for
unique j and i. We write:
• Ad for Aj when d � xj ,
• A�d for A�j when d � xj ,
• Bd for Bi when d � yi.

In summary, Z may be regarded as the shrinking adjunction space with core
r0, 1s and where at each d P D Y t0, 1u, there are two spaces attached: the
attachment space Bd and the shrinking adjunction space A�d (with core Ad and
attachment spaces Bi, yi P Ad).

For s, t P I with s � t, let λrs,ts : r0, 1s Ñ r0, 1s denote the linear path from
s to t. When s   t, we let

Yrs, ts � rs, ts Y
�
tAd | d P ps, tq XDu,

Zrs, ts � rs, ts Y
�
tA�d _Bd | d P ps, tq XDu.

each with the subspace topology inherited from Z. Note that Yr0, 1s � pY zpA0Y
A1qq Y t0, 1u and Zr0, 1s � ZzpA�0 Y B0 Y A�1 Y B1q Y t0, 1u are precisely the
spaces Y and Z with the attachment spaces at the endpoints 0 and 1 removed.
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Similarly, Yrs, ts and Zrs, ts include rs, ts and all corresponding attachment
spaces attached at points in ps, tq.

Remark 5.2. The space Yrs, ts is the shrinking adjunction space with core
rs, ts and attachment spaces Ad, d P ps, tq. The space Zrs, ts has many relevant
shrinking adjunction space decompositions. However, we focus on the decom-
position with core space Yrs, ts and attachment spaces Bi, bi P Yrs, ts (recall
that infinitely many Bi are attached to each Ajztajuq. The importance of this
choice is that for each u P D X ps, tq, the core space Yrs, ts has a decomposition
as a finite wedge Yrs, us _Au _ Yru, ts and so Lemma 4.17 applies.

Local Terminology 5.3. In what follows, we will use the abbreviated term
factored form to mean that an n-loop f P ΩnpZ, tq based at t P r0, 1s is in
factored form with respect to the decomposition Z � AdjpY, yi, Bi, biq. We will
often apply this abbreviated terminology to n-loops that have image in proper
subspaces of Z such as Zru, vs.

We begin by dealing with the endpoints 0 and 1 separately.

Lemma 5.4. Suppose f P ΩnpZ, 0q is in factored form. Then f P ΩnpZ, 0q is
homotopic rel. BIn to a product

pα0 � β0q � pλr0,1{2s � g1{2q � pλr0,1s � pα1 � β1qq

where αt P ΩnpBt, tq, βt P ΩnpA�t , tq for t P t0, 1u, and g1{2 P ΩnpZr0, 1s, 1{2q.
Moreover, we may choose g1{2 to be in factored form and we may choose the
homotopy to have image in Y Y Impfq.

Proof. First, we view Z as the attachment space with finite wedge core Y �
A0 _ ppY zA0q Y t0uq and attachment spaces tBiuiPN. Note that B0 is the only
space attached at the wedgepoint 0. By Lemma 4.17, f is homotopic to a map
α0 � β0 � k0 (by a homotopy in Y Y Impfq) where
• α0 P ΩpA�0 , 0q is in factored form,
• β0 P ΩpB0, 0q,
• k0 P ΩnpZr0, 1s YA�1 YB1, 0q is in factored form.

The path conjugate λr1,0s � k0 P ΩnpZr0, 1s YA�1 YB1, 1q is based at 1 and is in
factored form.

Next, we view Zr0, 1sYA�1 YB1 as the shrinking adjunction space with core
Yr0, 1s_A1 and attachment spaces Bi, bi P Yr0, 1s_A1. Applying Lemma 4.17
to λr1,0s � k0 gives λr1,0s � k0 � α1 � β1 � k1 (by a homotopy in Y Y Impk0q �
Y X Impfq) where
• α1 P ΩpA�1 , 1q is in factored form,
• β1 P ΩpB1, 1q,
• k1 P ΩnpZr0, 1s, 1q is in factored form.

Finally, the path-conjugate g1{2 � λr1{2,1s � k1 is an n-loop in Zr0, 1s that is in
factored form. Every homotopy in the following composition has image in Y Y
Impfq, including all commuting homotopies and path-conjugate cancellations
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involved. Therefore, the composition itself has image in Y Y Impfq.

f � α0 � β0 � k0

� α0 � β0 � pλr0,1s � pα1 � β1 � k1qq

� α0 � β0 � pλr0,1s � k1q � pλr0,1s � pα1 � β1qq

� α0 � β0 � pλr0,1s � pλr1,1{2s � g1{2qq � pλr0,1s � pα1 � β1qq

� pα0 � β0q � pλr0,1{2s � g1{2q � pλr0,1s � pα1 � β1qq.

In the next lemma we begin with a factored form n-loop g1{2 P ΩpZr0, 1s, 1{2q
(as obtained from Lemma 5.4) and factor this map “at 1{2” in a way that will
support recursive application.

Lemma 5.5. Suppose s   u   v   w   t are dyadic rationals in r0, 1s and
gv P ΩnpZrs, ts, vq is in factored form. Then gv is homotopic rel. BIn to a
concatenation

pλrv,us � guq � αv � βv � pλru,ws � gwq

where αv P ΩnpA�v , vq, βv P ΩnpBv, vq, gu P ΩnpZrs, vs, uq, and gw P ΩnpZrv, ts, wq.
Moreover, we may choose gu, gw to be in factored form and we may choose the
homotopy to have image in Yrs, ts Y Impgvq.

Proof. View Zrs, ts as the shrinking adjunction space with finite wedge core
Yrs, ts � Yrs, vs_Av_Yrv, ts and attachment spaces Bi, bi P Yrs, ts. By Lemma
4.17, gv is homotopic in Yrs, ts Y Impgvq to a concatenation grs,vs � αv � βv � grv,ts
where
• αv P ΩpA�v , vq is in factored form,
• βv P ΩpBv, vq,
• grs,vs P ΩnpZrs, vs, vq is in factored form,
• grv,ts P ΩnpZrv, ts, vq is in factored form.

The path-conjugates gv � λru,vs � grs,vs and gw � λrw,vs � grv,ts also are in
factored form. Since the paths λru,vs and λrw,vs have image in rs, ts, the canonical
homotopy

grs,vs � αv � βv � grv,ts � pλrv,us � guq � αv � βv � pλrv,ws � gwq

also has image in Yrs, ts Y Impgvq.

Since we plan to recursively apply Lemma 4.15, it will be helpful to have a
notational mechanism for referring to the domains of n-loops in the construction.
First, let Dr0, 1s � In. Suppose Drs, ts is defined where s, t are dyadic rationals
in I. Let s   u   v   w   t be a partition of rs, ts is into four segments of equal
length. Certainly, u, v, w are dyadic rationals. We define four n-cubes within
Drs, ts as follows.

Although the four cubes to be defined do not depend on the map gv itself,
the definition is entirely determined by the structure of the concatenation

pλrv,us � guq � αv � βv � pλru,ws � gwq.
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Indeed, if we regard this concatenation as a map with domain Drs, ts, then
we will take Drs, vs, Rv, Sv, Drv, ts to be the n-cubes in Drs, ts which are the
respective domains of gu, αv, βv, gw (See Figure 11). Formally, these are defined
as follows:
• Drs, vs � LIn,Drs,ts � LIn,r0,1{4s�In�1pr1{3, 2{3snq,
• Rv � LIn,Drs,tspr1{4, 1{2s � In�1q,
• Sv � LIn,Drs,tspr1{2, 3{4s � In�1q,
• Drv, ts � LIn,Drs,ts � LIn,r1{4,1s�In�1pr1{3, 2{3snq.

Note that diampDrs, vsq � diampDrv, tsq   1
2diampDrs, tsq.

αv βv

Sv Rv

gu gw

λ[v,u] λ[v,w]

R[s,v] R[v,t]

Figure 11: A 2-cube Drs, ts, which represents the domain of a map gv P
ΩnpZrs, ts, vq where v � s�t

2 . The domains of the maps gu, αv, βv, gw shown
within are Drs, vs, Rv, Sv, Drv, ts respectively.

For every p P N and 1 ¤ j ¤ 2p�1, let Ipp, jq � r j�1
2p�1 ,

j
2p�1 s. Note that Ipp, jq

is subdivided into two segments of equal length by Ipp�1, 2j�1qY Ipp�1, 2jq.
Recall that Dr0, 1s � In. Given 1 ¤ j ¤ 2p�1 and n-cube Dr j�1

2p�1 ,
j

2p�1 s in In,
we consider the four pre-determined n-cubes contained within:

D

�
j � 1

2p�1
,

2j � 1

2p

�
, R 2j�1

2p
, S 2j�1

2p
, D

�
2j � 1

2p
,

j

2p�1

�
From this recursive definition, we obtain unique n-cubes Rv, Sv for each dyadic
rational v P D and an n-cube Dr j�1

2p�1 ,
j

2p�1 s for each interval r j�1
2p�1 ,

j
2p�1 s. The

n-cubes Rv, Sv, v P D are not nested and together form an n-domain R � tRv |
v P Du Y tSv | v P Du. On the other hand, cubes of the form Dr j�1

2p�1 ,
j

2p�1 s are

nested according to inclusion: Dr j�1
2p�1 ,

j
2p�1 s � Dr i�1

2q�1 ,
i

2q�1 s is proper if and

only if p ¡ q and r j�1
2p�1 ,

j
2p�1 s � r i�1

2q�1 ,
i

2q�1 s. Moreover, whenever 1 ¤ j ¤ 2p�1,

we have diam
�
Dr j�1

2p�1 ,
j

2p�1 s
�
¤ diampDr0,1sq

2p�1 �
?
n

2p�1 .
Let

Gp �

"
D

�
j � 1

2p�1
,

j

2p�1

� ��� 1 ¤ j ¤ 2p�1

*
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so that Cp �
�

Gp is a disjoint union 2p�1-many n-cubes of diameter at most?
n

2p�1 . Since
C1 � C2 � C3 � � � �

where the diameters of the n-cubes in Cp approach zero, it must be the case that
the intersection C �

�
pPN Cp �

�
pPN intpCpq is totally disconnected. Moreover,

it is easy to see that C is perfect and therefore homeomorphic to a Cantor set.
Recall that this is precisely the set-up from Remark 2.11 for constructing an
infinite vertical concatenations of homotopies.

Lemma 5.6. Suppose g1{2 P ΩnpZr0, 1s, 1{2q is in factored form. Then g1{2 is
homotopic in Yr0, 1s Y Impg1{2q to a map h8 P ΩnpZr0, 1s, 1{2q such that
• h8 is in factored form,
• h8 is in single-factor form with the decomposition of Z as the shrinking

adjunction space with core r0, 1s and attachment spaces Bd, A�d , d P D .

Remark 5.7. To clarify the statement of Lemma 5.6, we take a moment to
describe the conclusion to be proved; it asserts that there is an n-domain R �
tRd |P Du Y tSd | d P Du such that
• for each d P D , h8|Rd P ΩnpBd, bdq,
• for each d P D , h8|Sd P ΩnpA�d , dq is in factored form (with respect to the
Bi attached to A�d ),

• h8 pInz p
�
dPD intpRdq Y intpSdqqq � r0, 1s.

Proof of Lemma 5.6. Recall the definition of the n-cubes Dr j�1
2p�1 ,

j
2p�1 s, R 2j�1

2p
,

S 2j�1
2p

for each p P N, 1 ¤ j ¤ 2p�1. Set h1 � g1{2 P ΩnpZr0, 1s, 1{2q. We apply

Lemma 5.5 recursively starting with v � 1{2 and u � 1{4, w � 3{4. For this
first step, we have h1 � h2 where

h2 � pλr1{2,1{4s � g1{4q � α1{2 � β1{2 � pλr1{2,3{4s � g3{4q

where α1{2 P ΩnpA�1{2, 1{2q and β1{2 P ΩnpB1{2, 1{2q, g1{4 P ΩnpZr0, 1{2s, 1{4q,
and g3{4 P ΩnpZr1{2, 1s, 3{4q. If H1 is the homotopy from h1 to h2, then we
may assume that ImpH1q � Yrs, ts Y Impg1{2q.

Suppose that the map hp P ΩnpZr0, 1s, 1{2q has been defined so that, for
all 1 ¤ j ¤ 2p�1, if we let g 2j�1

2p
be the restriction of hp to Dr j�1

2p�1 ,
j

2p�1 s, then

g 2j�1
2p

is an n-loop in Zr j�1
2p�1 ,

j
2p�1 s based at the midpoint 2j�1

2p and which is in

factored form.
We construct hp�1 and the homotopy Hp from hp to hp�1 as follows: Define

hp�1 to agree with hp on Inz
�
tintpDr j�1

2p�1 ,
j

2p�1 sq | 1 ¤ j ¤ 2p�1u. For each
1 ¤ j ¤ 2p�1, we apply Lemma 4.15 to g 2j�1

2p
to obtain a homotopy Hp,j :

Dr j�1
2p�1 ,

j
2p�1 s � I Ñ Zr j�1

2p�1 ,
j

2p�1 s from g 2j�1
2p

to a concatenation

Γp,j � pλr j�1

2p�1 ,
4j�3

2p�1 s � g 4j�3

2p�1
q � α 2j�1

2p
� β 2j�1

2p
� pλr j�1

2p�1 ,
4j�1

2p�1 s � g 4j�1

2p�1
q

viewed as an n-loop with domain Dr j�1
2p�1 ,

j
2p�1 s and where
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• α 2j�1
2p

P ΩnpA�2j�1
2p

, 2j�1
2p q,

• β 2j�1
2p

P ΩnpB 2j�1
2p

, 2j�1
2p q,

• g 4j�3

2p�1
P ΩnpZr j�1

2p�1 ,
2j�1

2p s, 4j�3
2p�1 q,

• g 4j�1

2p�1
P ΩnpZr 2j�1

2p , j
2p�1 s,

4j�1
2p�1 q.

Moreover, since f is in factored form, then we may choose g 4j�3

2p�1
, g 4j�1

2p�1
to

be in factored form and we may choose the homotopy Hp,j to have image in

Yr j�1
2p�1 ,

j
2p�1 s Y Im

�
g 2j�1

2p

	
.

Now, we define the restriction of hp�1 to Dr j�1
2p�1 ,

j
2p�1 s to agree with Γp,j .

We take the homotopy Hp from hp to hp�1 to be the constant homotopy on
Inz

�
tintpDr j�1

2p�1 ,
j

2p�1 sq | 1 ¤ j ¤ 2p�1u and, for each 1 ¤ j ® 2p�1 to

agree with Hp,j on Dr j�1
2p�1 ,

j
2p�1 s � I. By the standard Pasting Lemma, Hp is

continuous. Note that this definition ensures that
p�q HqpDr

j�1
2p�1 ,

j
2p�1 s � Iq � Zr j�1

2p�1 ,
j

2p�1 s for all q ¥ p.
To define the infinite vertical concatenation of the homotopies tHpupPN, we first
define the limit map h8 P ΩnpZr0, 1s, 1{2q. For each x P InzC, let h8pxq
be the limit of the eventually constant sequence thppxqupPN. In particular h8
agrees with hp on InzCp. If x P C, then for each p P N, there is a unique

1 ¤ ip ¤ 2p�1 such that x P Kp � Dr
ip�1
2p�1 ,

ip
2p�1 s. By construction, these

intervals Ip � r
ip�1
2p�1 ,

ip
2p�1 s are nested as I1 � I2 � I3 � � � � and there is a

unique real number tx P I such that
�
pPN Ip � ttxu. We define h8pxq � tx.

The binary decimal representation of any t P I shows that t is the intersection
of such a sequence tIpupPN (this sequence is unique if t P IzD and there are two
if t P D). Since Zr0, 1s only has spaces attached at dyadic rationals, our choice
of definition of the spaces Zrs, ts to not include the attachment spaces at the
endpoints s, t also ensures that£

pPN
Z
�
ip � 1

2p�1
,
ip

2p�1

�
� ttxu.

In this way, h8 maps C onto I in the same manner that the classical Ternary
Cantor function maps the Ternary Cantor set onto I.

Since Zr j�1
2p�1 ,

j
2p�1 s is closed in Zr0, 1s, it follows from p�q that h8pDr j�1

2p�1 ,
j

2p�1 sq �

Zr j�1
2p�1 ,

j
2p�1 s for all p P N and 1 ¤ j ¤ 2p�1.

We check the four conditions for the continuity of h8 and the infinite vertical
concatenation H8 as stated in Remark 2.11.

(1) By construction, Hp is constant on Inz intpCpq,
(2) By construction, if x P InzC, then h8pxq is be the eventual value of the

limit of the eventually constant sequence thppxqupPN.
(3) We check that h8|C : C Ñ I is continuous. Let U be an open neigh-

borhood of h8pxq � tx and recall that we have x P
�
pPN intpKpq for

Kp � Dr
ip�1
2p�1 ,

ip
2p�1 s, p P N. Since

�
pPN Ip � ttxu, we may find p P N

such that Ip � r
ip�1
2p�1 ,

ip
2p�1 s � U . As we have already observed, h8pKpq �

Zr ip�1
2p�1 ,

ip
2p�1 s. Thus x P intpKpq and h8pC X intpKpqq � Ip � U .

46



(4) Suppose txpu Ñ x where xp P Cp. Since x P C, we have h8pxq � tx
as before. Let U be an open neighborhood of tx in Zr0, 1s. We check
that Hpptxpu � Iq � U for all but finitely many p. Suppose to obtain a
contradiction that there are natural numbers p1   p2   p3   � � � and si P I
such that Hppxpi , siq R U . For each i P N, we have xpi P Dr

ji�1
2pi ,

ji
2pi�1 s

for some 1 ¤ ji ¤ 2pi�1 and ttxu �
�
iPNr

ji�1
2pi ,

ji
2pi�1 s. Find i0 P N such

that r
ji0�1

2pi�1 ,
ji0

2pi�1 s � U X I. Since HpipDr
ji�1
2pi�1 ,

ji
2pi�1 sq � Zr ji�1

2pi�1 ,
ji

2pi�1 s,
the points Hpipxpi , siq, i ¥ i0 must lie an attachment space, that is,
there exists a dyadic rational di P r

ji�1
2pi�1 ,

ji
2pi�1 s such that Hpipxpi , siq P

pA�di Y Bdiqztdiu. Then tdiuiPN Ñ tx. However, Zr0, 1s has shrinking
adjunction decomposition with core r0, 1s and attachment spaces A�d_Bd,
d P D . Therefore, by Lemma 3.4, we must have pA�di Y Bdiq � U for all
but finitely many i ¥ i0; a contradiction.

For every d P D , we have h8|Rd � αd P ΩnpA�d , dq and h8|Sd � βd P
ΩnpBd, dq. Moreover h8 pInz p

�
dPD intpRdq Y intpSdqqq � r0, 1s. Since h8

agrees with hp on Sd and hp is in factored form, we conclude that h8.
Finally, each map hp and homotopy Hp was constructed so that Imphpq �

ImpHpq � Y Y Impg1{2q. When x R C, h8pxq P
�
pPN hppI

nzCpq and h8pCq �
r0, 1s. Hence, Imph8q � r0, 1s Y

�
pPN Imphpq � Y Y Impg1{2q. This gives the

bound ImpH8q � Imph8q Y
�
pPN ImpHpq � Y Y Impg1{2q.

The next theorem is the combination of Lemmas 5.4 and 5.6 and should be
considered the main result of this section. Although we allow A�j to maintain
its established meaning, we release all other fixed notation in order to state the
most general version of this result.

Theorem 5.8. Let Y � Adjpr0, 1s, xj , Aj , ajq where each pAj , ajq is sequen-
tially pn� 1q-connected, Z � AdjpY, yi, Bi, biq, and z0 P r0, 1s. If f P ΩnpZ, z0q
is in factored form, then f is homotopic in Y Y Impfq to a map g P ΩnpZ, z0q
such that
• g is in factored form with respect to the decomposition Z � AdjpY, yi, Bi, biq,
• g is in single-factor form with respect to the decomposition of Z with core
r0, 1s and attachment spaces Bi, yi P r0, 1s and A�j , j P N.

Proof. By performing the reduction at the beginning of the section, we may
assume that Z has the form as described in Remark 4.3 and we may employ the
relevant established notation. Since f is in factored form λr0,z0s � f P ΩnpZ, 0q.
Together, Lemmas 5.4 and 5.6 show that λr0,z0s � f is homotopic to a map
h P ΩnpZ, 0q, which satisfies the two conditions in the statement of the lemma.
Moreover ifH is the homotopy from λr0,z0s�f to h, then we may chooseH so that
ImpHq � Y Y Impλr0,z0s � fq � Y Y Impfq. The path-conjugate g � λrz0,0s � h P
ΩnpZ, z0q also satisfies the two conditions in the statement and the homotopy
H extends to a homotopy λrz0,0s � pλr0,z0s � fq � g with image in ImpHq Y
r0, 1s � Y Y Impfq. Finally, the homotopy f � λrz0,0s � pλr0,z0s � fq excising the
path-conjugates has image in r0, 1s Y Impfq. The vertical composition of these
homotopies gives the desired homotopy f � g.
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The above results assume that f is already in factored form. We must assume
the attachments spaces pBi, biq are sequentially pn� 1q-connected ensures that
any n-loop in Z can be homotoped to such a form. In the next corollary, we
consider the case from above where each space Aj is a one-point space.

Corollary 5.9. Let Y � Adjpr0, 1s, yi, Bi, biq where each pBi, biq is sequentially
pn � 1q-connected and let y0 P r0, 1s. Every n-loop f P ΩnpY, y0q is homotopic
rel. BIn to an n-loop g that is in single-factor form. Moreover, the canonical
homomorphism φ : πnpY, y0q Ñ

±
iPN πnpBi, biq is an isomorphism.

Proof. By Lemma 4.9, we may assume that f is in factored form. By Theorem
5.8, f is homotopic to a map g in single-factor form. For the second statement,
recall that φ is surjective by Theorem 3.12. Suppose rgs P πnpY, y0q where
φprgsq � prri � gsqjPN is trivial where ri : Y Ñ Bi is the canonical retraction.
By the first part, we may assume g is in single-factor form. Let tCiuiPN be a
factorization of g with Ci � H or Ci � tRiu. Since ri�g � g|Ri is null-homotopic
in Bi for all i P N, it follows from Lemma 4.20 that g is null-homotopic. Thus
φ is injective.

5.2 Homotopy factorization for a dendrite core

Here, we apply the results of the previous subsection to prove analogous re-
sults for shrinking adjunction spaces with dendrite core (see Figure 12). Recall
from Example 2.26 that a dendrite is a locally arc-wise connected and uniquely
arc-wise connected compact metric space. Every dendrite is sequentially n-
connected for all n ¥ 0.

Figure 12: A shrinking adjunction space obtained by attaching 2-spheres to a
shrinking wedge of arcs.

Most of our effort will go toward proving the following theorem.

Theorem 5.10. Let Z � AdjpY, yi, Bi, biq where Y is a dendrite and z0 P Y .
If f P ΩnpZ, z0q is in factored form, then f is homotopic in Y Y Impfq to an
n-loop f8 P ΩnpZ, z0q that is in single-factor form.
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First, we recall some well-known characterizations of dendrites [23, Chapter
10]. Fix a non-degenerate dendrite Y , that is, a dendrite which contains at least
one arc. A point y P Y is a cut-point if Y ztyu has more than one connected
component. If Y ztyu has at least three components, then we call y a branch-
point. If y P Y is not a cut-point, then we call it an end-point or simply an
end of Y . Let CutpY q, BrpY q, and EndpY q � Y zCutpY q denote the subsets of
cut-points, branch-points, and end-points respectively. These sets are related
to each other and Y in the following ways:
• BrpY q � CutpY q and CutpY qzBrpY q is empty or a disjoint union of open

arcs.
• EndpY q may be uncountable but BrpY q must be countable.
• EndpY q YBrpY q is closed in Y .

Remark 5.11 (Viewing dendrites as shrinking adjunction spaces). If A � Y
is closed and connected, then A is a dendrite. Let W be the set of connected
components of Y zA. For each W P W , W is a dendrite and there is a point
w P A such that W X A � twu. If W � tW1,W2,W3, . . . u is infinite, then
limjÑ8 diampWjq � 0. Since Y is compact, we have shrinking adjunction
decomposition Y � AdjpA,wj ,Wj , wjq. We refer to this decomposition of Y as
the A-decomposition of Y .

There exists a deformation retraction RA : Y � I Ñ Y of Y onto A. Such a
retraction may be constructed by setting RApa, tq � a when a P A and defining
the restriction of RA|W�I : W � I ÑW , W P W to be any choice of basepoint-

preserving contraction of W to wj PW XA.

Example 5.12 (Wazewski universal dendrite). It is instructive to consider the
above decomposition of a dendrite in the “worst case” scenario, that is, when
Y is the Wazewski universal dendrite (see [28, Chapter K] and [23, 10.37]).
This dendrite may be constructed directly in the plane inductively by starting

with a homeomorphic copy of ��NpI, 0q, attaching smaller copies of this space
in a dense fashion, and taking the closure to obtain uncountably many ends.
Every dendrite is homeomorphic to a subspace (and, therefore, is a deformation
retract) of the universal dendrite.

Figure 13: The Wazewski universal dendrite

49



Remark 5.13 (Approximation by finite trees). We will also use a choice of a
sequence of arcs in Y to characterize Y as an inverse limit of finite trees. By
Theorem 10.27 and Corollary 10.28 of [23], any non-degenerate dendrite Y may
be written as the union of EndpY q and an infinite tree T �

�8
p�1Xp where

• for all p P N, Xp is an arc,
• for all p P N, Tp �

�p
i�1Xi is a finite tree such that Xp�1 X Tp � txp�1u

is an end-point of Xp�1,
• lim
pÑ8 diampXpq � 0.

There is a retraction δp�1,p : Tp�1 Ñ Tp that collapses Xp�1 to xp�1. We
may identify Y with the inverse limit limÐÝppTp, δp�1,pq. Certainly, the choice of

approximating trees Tp for Y is not unique.

Example 5.14. While our proof of Theorem 5.10 does not depend on our choice
of arcs tXpupPN, it is instructive to realize that (1) the weak topology on the tree
T with respect to the arcs Xp will not always agree with the subspace topology
inherited from Y and (2) the end of the arc Xp not attached to Tp�1 will only
sometimes end up as an element of EndpY q. For instance, if Y � r0, 1s, then the

natural choice is to take Xp �
�
p�1
p , p

p�1

�
so that T � r0, 1q. If Y ���jPNpI, 0q,

then there is a choice of tXpupPN that give T � ��
jPNpr0, 1q, 0q and another

choice for which T � Y .

In the next lemma, we reduce our proof of Theorem 5.10 to a special case
to which we can readily apply Theorem 5.8. Although it is possible to prove
Theorem 5.10 without this reduction, we find that it allows us to avoid extra
casework.

Lemma 5.15. Suppose the conclusion of Theorem 5.10 holds for shrinking ad-
junction spaces Z � AdjpY, yi, Bi, biq where the set tyi | i P Nu of attachment
points enumerates a dense in Y zEndpY q and such that there is an inverse limit
decomposition Y � limÐÝppTp, δp�1,pq using arcs Xp � Y for which tyi | i P Nu
meets each arc Xp in infinitely many points. Then Theorem 5.10 holds for all
dendrites.

Proof. Supposing the hypothesis, let Y 1 be any dendrite, z0 P Y
1, and Z 1 �

AdjpY 1, yi, Bi, biq where each pBi, biq is sequentially pn � 1q-connected. Let
f P ΩnpZ 1, z0q be in factored form. As usual, by replacing all spaces Bi attached
at a fixed point of Y with their (finite or infinite shrinking) wedge and implicitly
using 4.22, we may assume that i ÞÑ yi is injective.

For each i P N, attach an arc Ki of diameter 1
i to Y 1 by identifying on

one end of Ki with yi. The resulting space Y is a dendrite for which tyi | i P
Nu X EndpY q � H. Finds arcs Xp, p P N in Y such that Y � limÐÝppTp, δp�1,pq

as in Remark 5.13. Since Y is hereditarily separable, we may find a sequence of
distinct points w2, w4, w6, . . . in EndpY qzpY Ytyi | i P Nuq such that A � tw2j |
j P NuYtyi | i P Nu is dense in Y zEndpY q and such that A meetsXp in infinitely
many points for all p P N. We combine these sequences by defining w2i�1 � yi,
i P N. For all i P N, let A2i�1 � Bi, a2i�1 � bi, let A2i be a one-point space
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ta2iu. Consider the shrinking adjunction space Z � AdjpY,wj , Aj , ajq and note
that ZzZ 1 � Y zY 1.

We now regard f as an n-loop in Z. By assumption, f is homotopic to a map
g P ΩnpZ, z0q, which is in single-factor form, by a homotopy H : In � I Ñ Z
with image in Y X Impfq. Since

�
jPNAj � Z 1 Y Y , the canonical retraction

Y Ñ Y 1 extends to a retraction r : Z Ñ Z 1. Set G � r � H and g1 � r � g P
ΩnpZ 1, z0q. Now G : In � I Ñ Z 1 is a homotopy from r � f � f to g1. Since
ImpHq � Y X Impfq and rpImpfqq � Impfq, ImpGq � rpImpHqq � Y 1 X Impfq.
Moreover, since

�
iPNBi � Z 1, the maps g1 and g agree on

�
iPN g

�1pBiztbiuq.
Therefore, if we take tCiuiPN to be a factorization of g where each Ci contains
at most one n-cube, then we may define a corresponding factorization tDjujPN
of g1 by D2i�1 � Ci and D2i � H. We conclude that g1 is in single-factor form.
This verifies that the conclusion of Theorem 5.10 holds for Y 1.

In light of Lemma 5.15, we will, from now one, assume that Z � AdjpY, yi, Bi, biq
where Y � limÐÝppTp, δp�1,pq is a dendrite and tyiuiPN is an enumeration of subset

of Y zEndpY q that meets each Xp in infinitely many points. Fix a basepoint
z0 � x1 P X1ztyi | i P Nu.

Remark 5.16. As in the previous section, if R as an n-cube and z1 P Z 1 � Z,
we simply say that an n-loop f : pR, BRq Ñ pZ 1, z1q is in “factored form” if it is
in factored form with respect to Z � AdjpY, yi, Bi, biq when viewed as a map
f : pR, BRq Ñ pZ, z1q.

Using the inverse limit description of Y , we construct a sequence of sub-
dendrites of Y . The set χ � tXp | p P Nu of arcs inherits a canonical partial
ordering: Xp ¤ Xq if and only if there is a unique finite sequence p � p0  
p1   p2   � � �   pn � q where xpj P Xpj�1

for all 1 ¤ j ¤ n, that is, if Xp1 is
attached to Xp, Xp2 is attached to Xp1 , and so on. Set X¥p �

�
q¥pXq. Then

Yp � X¥p is a dendrite and Yp � Yq whenever Xp ¤ Xq.
If s :� Xp1   Xp2   Xp3   � � � is an infinite increasing sequence in χ,

then
�
jPN Ypj consists of a single point es P EndpY q. In terms of the inverse

limit characterization Y � limÐÝp Tp, es is identified with the unique sequence

pt1, t2, t3, . . . q P
±
p Tp satisfying tpj�1 � xpj for all j P N. We refer to any end

of the form es P EndpY q as an infinite end of Y . For any open neighborhood
U of es, we have Ypj � U for all but finitely many j.

Set J0 � t1u. For p ¥ 1, let Jp � tq ¡ p | Xq ¥ Xp and xq P Xpu, i.e. the
indices q for which the arc Xq is directly attached to Xp in the tree Tq. Note
that the sets Jp, p ¥ 0 form a partition of N and that, for p ¥ 1, Jp may be
finite or infinite. Using the Xp-decomposition of Yp from Remark 5.11, each
dendrite Yp has shrinking adjunction space decomposition

Yp � AdjpXp, txquqPJp , tYquqPJp , txquqPJpq.

Let Kp � ti P N | yi P Ypztxpuu and Zp � Yp Y tBi | i P Kpu. Notice that for
each p P N, Zp has two relevant decompositions:

(1) AdjpYp, tyiuiPKp , tBiuiPKp , tbiuiPKpq,
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(2) the decomposition with core Xp and attachment spaces tZq | q P Jpu and
tBi | yi P Xpztxpuu (we have chosen z0 � yi for all i to avoid a special
case for p � 1).

Additionally, if s :� Xp1   Xp2   Xp3   � � � is an infinite increasing sequence in
χ, then

�
jPN Zpj � tesu. Since Xp is an arc, the spaces Zp satisfy the hypotheses

of Theorem 5.8 and therefore permit its recursive application. To match the
notation in the previous section, we let X�

p � Xp Y
�
tBi | yi P Xpztxpuu.

Lemma 5.17. Suppose s :� Xp1   Xp2   Xp3   � � � is an infinite increas-
ing sequence in χ corresponding infinite end es P EndpY q. If U is an open
neighborhood of es in Z, then Zpj � U for all but finitely many j.

Proof. As noted earlier, we have Ypj � UXY for all but finitely many j. Suppose
to obtain a contradiction, that we can find points Zpj zU � H for infinitely
many j. Replacing s with the subsequence of Xpj for which Zpj zU � H, we
may assume that for every j P N, there exists a point zj P Zpj zU . Then there
exists ij P N such that zj P Bij ztbiju and bij � yij P Ypj . However, since
tyijujPN Ñ es, Lemma 3.4 ensures that we must have Bij � U for all but
finitely many j; a contradiction.

Proof of Theorem 5.10. Suppose Z � AdjpY, yi, Bi, yiq is a shrinking adjunc-
tion space where Y is a non-degenerate dendrite with inverse limit structure
limÐÝppTppY q, δp�1,pq given by arcs Xp, p P N. Suppose z0 P X1 and let f P

ΩnpZ, z0q be in factored form.
Recall that Y � Y1 and Z � Z1. Set f1 � f . Applying Theorem 5.8, we see

that f1 is homotopic to a map f2 P ΩnpZ, z0q such that f2 is in factored form
and f2 is in single-factor form with the decomposition of Z1 into core X1 and
attachment spaces tZq | q P J1u and tBi | yi P X1ztz0uu. We may choose the
homotopy H1 from f1 to f2 to have image in Y YImpf1q. Thus pf2q � Y YImpfq.
Let S2 � J1. Then there is an n-domain R2 � tRq | q P S2u such that
pf2q|Rq P ΩnpZq, xqq, q P J1 and f2pI

nz
�
qPJ1 intpRqqq � X�

1 . Although it is
implicit in the proof of Theorem 5.8, we may apply Lemma 2.8, if necessary, to
ensure that diampRqq  

1
3 for all q P S2. Since X2 must be attached to X1, we

have 2 P S2.
Suppose, for p ¥ 2, we have constructed fp P ΩnpZ, z0q with Impfpq � Y Y

Impfq, set Sp � N with p P Sp, and an n-domain Rp � tRq | q P Spu such that
pfpq|Rq P ΩnpZq, xqq, q P Sp and diampRqq  

1
3q . Since p P Sp, we will construct

fp�1 from fp by only altering values in Rp. Recall the two shrinking adjunction
decompositions of Zp. Theorem 5.8 gives that pfpq|Rp : pRp, BRpq Ñ pZp, xpq
is homotopic rel. BRp to a map gp : pRp, BRpq Ñ pZp, xpq such that gp is in
factored form and gp is in single-factor form with the decomposition of Zp into
core Xp and attachment spaces tZq | q P Jpu and tBi | yi P Xpztxpuu. Let
Gp : Rp � I Ñ Zp be the homotopy from pfpq|Rq to gp and recall that we may
choose Gp to have image in Yp Y fppRpq. Let fp�1 : pIn, BInq Ñ pZ, z0q be the
map, which agrees with fp on Inz intpRpq and so that pfp�1q|Rp � gp. Define
homotopy Hp : In � I Ñ Z from fp to fp�1 to be the constant homotopy on
Inz intpRpq and to agree with Gp on Rp � I. Note that ImpHpq � Y Y Impfpq.
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The single-factor form of gp ensures that there is an n-domain tRq | q P Jpu of
n-cubes in Rp such that g|Rq P ΩnpZq, xqq, q P Jp and pgpqpRpz

�
qPJp intpRqqq �

X�
p . Applying Lemma 2.8, if necessary, we may assume that diampRqq  

1
3p

for all q P Jp. Set Sp�1 � pSpztpuq Y Jp and let Rp�1 � tRq | q P Sp�1u. Then
pfp�1q|Rq P ΩnpZq, xqq for all q P Sp�1. Since Xp�1 is attached to some Xq,
q ¤ p, we have p � 1 P

�p
q�1 Jq and thus p � 1 P Sp�1. This completes the

induction.
Consider the inductively constructed sequence of maps tfpupPN in ΩnpZ, z0q

and homotopies Hp from fp to fp�1 where, by construction, ImpHpq � Y Y
Impfq for all p P N. We will construct the infinite vertical concatenation of
the homotopies tHpupPN. First, we construct the limit map f8. Let C1 � In.
Although Hp, p ¥ 2 is the constant homotopy on Inz intpRpq, we let Cp ��
tRq | q P Spu. Since Rp � Cp, Hp is the constant homotopy on Inz intpCpq.

Our construction ensures that C1 � C2 � C3 � � � � where C �
�
pPN Cp ��

pPN intpCpq is compact and totally disconnected. It is possible that C � H,
for instance, if Impfq meets at most finitely many Xp. It is also possible that C
has isolated points. If x P InzC, then we let f8pxq be the limit of the eventually
constant sequence tfppxqupPN. To define f8 on C, recall the partially ordered
set χ of arcs Xp.

If x P C, then for every p P N, there is a unique qp P Sp such that x P Rqp
and such that the intersection of the non-increasing sequence of n-cubes Rq1 �
Rq2 � Rq3 � is

�
pPN intpRqpq � txu. In χ, this corresponds to a non-decreasing

infinite sequence spxq :� Xq1 ¤ Xq2 ¤ Xq3 ¤ � � � where either Xqp�1
� Xqp or

Xqp�1
¡ Xqp are consecutive terms in the partial order χ. The latter case means

that Xqp�1 is attached to Xqp at xqp�1 . The sequence spxq may only remain
constant at a single value of Xq for finitely many terms. Hence,

�
pPN Yqp � tesu

for a unique infinite end espxq P EndpY q. Define f8pxq � espxq.
For fixed p P N, Zp is closed in Z, espxq P

�
q¥p fqpRpq, and we have fqpRpq �

Zp for all q ¥ p. It follows that for all p P N, f8pRpq � Zp. Given any i P N,
we have ensured by Lemma 5.15 that yi R EndpY q. Hence, for any given i P N,
the preimages f�1

p pBiztbiuq stabilize as pÑ 8. In particular, the construction
ensures that there is an n-domain S � tDi | Impfq X Biztbiu � Hu such that
pf8q|Di P ΩnpBi, biq for all Di P S and f8pInz

�
S q � Y . Therefore, once

we show that f8 is continuous, it follows that f8 is in single-factor form with
respect to Z � AdjpY, yi, Bi, biq. We check the four criterion in Remark 2.11
to verify that f8 is continuous and that the infinite vertical concatenation H8
from f � f1 to f8 is continuous. Note that if C � H, f8 � fp and Hp is the
constant homotopy for sufficiently large p and this is trivial. Suppose C � H.

(1) By construction, for every p P N, Hp is the constant homotopy on Inz intpCpq,
(2) By construction, if x P InzC, then f8pxq is the value of the eventually

constant sequence tfppxqupPN,
(3) To check that f8|C : C Ñ Z is continuous, pick x P C and let U be an

open neighborhood of f8pxq � espxq in Z where, as before, spxq is the
sequence Xq1 ¤ Xq2 ¤ Xq3 ¤ � � � in χ. By Lemma 5.17, we may find m
such that Zqm � U . Now C X intpRqmq is an open neighborhood of x in
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C and, since f8pRqmq � Zqm , we have f8pC X intpRqP qq � U .
(4) Suppose xp P Cp and txpu Ñ x. Let U be an open neighborhood of

f8pxq. We show that Hpptxpu � Iq � U all but finitely many p. Since
x P C, we have f8pxq � espxq corresponding the sequence spxq � Xq1 ¤
Xq2 ¤ Xq3 ¤ � � � . As in Criterion 3., find m P N such that f8pRqmq �
Zqm � U . Since the n-cubes Rqp are nested, it follows that xp P Cqm for
all p ¥ qm. Additionally, HppRqm � Iq � Zqm � U for all p ¥ qm. Thus
Hpptxpu � Iq � U for all p ¥ qm.

By replacing Theorem 5.8 with its dendrite analogue (Theorem 5.10), the
proof of Corollary 5.9 gives the following conclusion to this section.

Corollary 5.18. Let Z � AdjpY, yi, Bi, biq where Y is a dendrite and pBi, biq
is sequentially pn � 1q-connected for every i P N. Let z0 P Y . Then every
f P ΩnpY, y0q is homotopic rel. BIn to some n-loop g P ΩnpY, y0q that is in
single-factor form. Moreover,
• the canonical homomorphism φ : πnpZ, z0q Ñ

±
iPN πnpBi, biq is an iso-

morphism,

• the quotient map Z Ñ��
iPNBi collapsing Y to a point induces an isomor-

phism on πn.

Example 5.19. Let Z � AdjpY, yi, Bi, biq where Y is any dendrite and Bi � Sn

is a n-sphere for i P N (recall Figures 1 and 13). Then Z is pn�1q-connected and
πnpZq �

±
iPN πnpS

nq � ZN. Recalling Theorem 3.12, the groups πkpZq, k ¡ n
will be non-trivial whenever πkpS

nq is non-trivial. If we allow for the core Y to
be a non-compact, simply connected, one-dimensional Hausdorff space, then it is
possible that some subsequences of tyiu will have no convergence subsequences.
For an dendrite D � Y , note that ZpDq � D Y

�
tBi | yi P Du is either a finite

or shrinking adjunction space and so πnpZpDqq is either trivial or isomorphic to
Zn or ZN. Now πnpZq � limÝÑD

πnpZpDqq where the directed limit is directed by
all dendrites in Y containing z0.

6 Generalized Covering Spaces and Higher Ho-
motopy Groups

6.1 Generalized covering space theory

In this section, we analyze a particular case of generalized universal covering
spaces introduced in [14]. The more general notion that includes intermediate
coverings was first given in [3] under the name “lpc0-covering.”

Definition 6.1. A map p : rX Ñ X is a generalized covering map if rX
is non-empty, path connected, and locally path connected and if for any map
f : pY, yq Ñ pX,xq from a path-connected, locally path-connected space Y and

point rx P p�1pxq such that f#pπ1pY, yqq ¤ p#pπ1p rX, rxqq, there is a unique map
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rf : pY, yq Ñ p rX, rxq such that p � rf � f . If rX is simply connected, we call

p a generalized universal covering map and rX a generalized universal covering
space.

Note that a generalized universal covering space over X, if it exists, is unique
up to homeomorphism. If X is path connected, locally path connected, and
semilocally simply connected, then the existence and uniqueness of ordinary
covering maps guarantees that any generalized covering map p : rX Ñ X is a
covering map. In general, a space X need not admit a generalized universal
covering space. In [5] necessary and sufficient conditions for the existence of a
generalized universal covering map are given for metrizable X.

Theorem 6.2. [14] Every path-connected, one-dimensional Hausdorff space X

admits a generalized universal covering space rX. If X is metrizable, then rX is a
topological R-tree, i.e. a uniquely arc-wise connected, locally arc-wise connected
metrizable space.

Since shrinking adjunction spaces of interest will generally not be one-dimensional,
we will also employ the following generalization, which implies part of the pre-
vious theorem. Recall that a group is residually free if it homomorphically
embeds into a product of free groups. Fundamental groups of path-connected,
one-dimensional Hausdorff spaces are residually free (See [6] or [9]).

Theorem 6.3. [5, Prop. 6.4 and Thm. 6.9] Let X be a path-connected metric
space. If π1pX,x0q is residually free or if X is π1-residual, then X admits a
generalized universal covering space.

Remark 6.4 (Whisker Topology). Generalized universal coverings may be con-

structed as follows. Fix a point x0 P X and let rX be the space of path-homotopy
classes rαs of paths α : pI, 0q Ñ pX,x0q. An open neighborhood of rαs is a set
of the form Nprαs, Uq � trα � εs | εpIq � Uu where U is an open neighborhood of
αp1q in X. This topology is the so-called standard topology or whisker topology

on rX. The homotopy class of the constant path at x0, which we denote as rx0, is
the basepoint of rX. The endpoint projection map p : rX Ñ X, pprαsq � αp1q is
a continuous surjection, which is open if and only if X is locally path connected.

According to [14, Prop. 2.14], the map p : rX Ñ X constructed in the
previous paragraph is a generalized universal covering over X if and only if p
has the unique path-lifting property. Moreover, it is shown in [3, Section 5] that

if there exists a generalized universal covering q : pX Ñ X, then there exists a
homeomorphism h : rX Ñ pX such that q �h � p. Therefore, whenever X admits
a generalized universal covering map, it is equivalent to p : rX Ñ X and so we
always assume generalized universal covering spaces are of the form rX.

Remark 6.5. Since we assume that a generalized universal covering space rX
has the structure as described in Remark 6.4, each fiber p�1pxq, x P X is in
bijective correspondence with π1pX,x0q. We have p�1px0q � π1pX,x0q but if
x � x0, this bijection requires a choice. Namely, a choice of path β : I Ñ X
from x to x0 determines the bijection p�1pxq Ñ π1pX,x0q, rαs ÞÑ rα � βs.

55



Definition 6.6 (A topology on the fundamental group). We give the fun-
damental group p�1px0q � π1pX,x0q the subspace topology inherited fromrX. In particular, a neighborhood of rαs P π1pX,x0q is a set of the form
Nprαs, Uq � trα � βs | βpIq � Uu where U is an open neighborhood of x0 in
X.

Remark 6.7 (A Formula for Lifts of Paths). Suppose rβs P rX and α : pI, 0q Ñ
pX,βp1qq is a path. Define paths αsptq � αpstq, s P I. Then the unique liftrα : pI, 0q Ñ p rX, rβsq of α starting at rβs is given by rαpsq � rβ � αss.

Since generalized covering maps have the same lifting property as ordinary
covering maps, many results related to covering maps also follow for generalized
covering maps. Since Sn, Hn (for n ¥ 2), and the reduced cone over pHn, b0q
(for n ¥ 1) are locally path connected and simply connected, the unique lifting
property gives the following proposition.

Proposition 6.8. If p : rX Ñ X is a generalized covering map, then the induced
homomorphisms p# : πnp rX, rx0q Ñ πnpX,x0q and p# : rpHn, b0q, p rX, rx0qs Ñ
rpHn, b0q, pX,x0qs are injections for n � 1 and isomorphisms for all n ¥ 2.

Analogous to uses of covering spaces in traditional algebraic topology, if a
path-connected space X admits a generalized universal covering space, then to
analyze πnpX,x0q, n ¥ 2, it is sufficient to understand the higher homotopy

groups of the simply connected space rX.
In the next lemma, we show how the sequential properties introduced in

Section 2.4 are preserved by generalized universal covering maps. We encourage
the reader to recall their definitions in terms of the groups rpHk, b0q, pX,xqs and
the homomorphism Θk : rpHk, b0q, pX,xqs Ñ πkpX,xq

N.

Lemma 6.9. If p : rX Ñ X is a generalized universal covering map, then
(1) X is π1-residual at x P X if and only if rX is sequentially 1-connected at

every point in p�1pxq,
(2) for n ¥ 2, X is πn-residual (resp. sequentially n-connected, n-tame) at x

if and only if rX is πn-residual (resp. sequentially n-connected, n-tame) at
every point in p�1pxq.

Proof. Fix points ppx̃q � x and note that rX is simply connected. For (1),

suppose X is π1-residual at x and rf : pH1, b0q Ñ p rX, x̃q is a map. Since rX is

simply connected, f � p � rf : pH1, b0q Ñ p rX, x̃q is a map for which Θprf sq � 1.
This rf s � 1. Let H : C�H1 Ñ X be an extension of f to the reduced cone
over H1. Since C�H1 is contractible and locally path-connected, there exists
a lift rH : C�H1 Ñ rX, which by unique lifting properties of p must be an
extension of rf . Therefore r rf s � 1. Thus rX is sequentially n-connected. For the

converse, suppose rX is sequentially n-connected at x̃ and f : pH1, b0q Ñ pX,xq
is a map for which Θ1prf sq � 1. Since each loop αj � f � `j : S1 Ñ X is null-

homotopic, there is a lift rαj : S1 Ñ rX based at x̃. Since rX has the Whisker
topology and tαjujPN converges to x, it follows that every basic neighborhood
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of x̃ contains Imprαjq for all but finitely many j. Therefore, there is a maprf : pH1, b0q Ñ p rX, x̃q such that rf � `j � rαj . By assumption r rf s � 1 and so rf is

null-homotopic rel. basepoint in rX. It follows that f � p � rf is homotopic rel.
basepoint, i.e. rf s � 1.

For (2), consider the following commutative square. By Proposition 6.8, the
vertical maps are isomorphisms for any n ¥ 2.

rpHn, b0q, p rX, rxqs Θn //

p#

��

±
jPN πnp rX, rxq

±
j p#

��

rpHn, b0q, pX,xqs
Θn

//
±
jPN πnpX,xq

Using this diagram, all cases of (2) follow from the definitions of the respective
properties in terms of Θn.

6.2 Generalized coverings of shrinking adjunction spaces

Here, we begin to develop a theory of generalized coverings of shrinking adjunc-
tion spaces. The conclusions in the following lemma are related to the theory
of pullbacks of generalized universal coverings developed by H. Fischer [13]. We
include the short proofs since the overlap with Fischer’s work is only partial and
since our applications are fairly specific.

Lemma 6.10. Suppose p : rY Ñ Y is a generalized covering map, X � Y is a
path-connected subspace, and y0 P X.

(1) If the inclusion i : X Ñ Y is π1-surjective, then p�1pXq is path connected.
(2) If for every x P X and neighborhood U of x in Y , there exists an open set

V of x contained in U such that every path in V with endpoints in V XX
is path-homotopic in Y to a path in V X X, then p�1pXq is locally path
connected.

(3) If the hypotheses of (1) and (2) hold, then the restriction q : p�1pXq Ñ X
of p is a generalized covering map.

(4) If p is a generalized universal covering map, i : X Ñ Y induces an iso-
morphism on π1, and the hypothesis of (2) holds, then the restriction
q : p�1pXq Ñ X of p is a generalized universal covering map.

Proof. According to Remark 6.4, we may assume rY has the whisker topology
construction on basepoint y0 P Y .

For Part (1), notice that the basepoint ry0 � rcy0s of rY lies in p�1pXq.
Suppose rαs P p�1pXq for some path α : I Ñ Y from y0 to αp1q P X. Since
i# : π1pX, y0q Ñ π1pY, y0q is surjective, α is path-homotopic in Y to a path

β : I Ñ X. The standard lift rβs is now a path in p�1pXq from ry0 to rαs � rβs
with image in p�1pXq. Thus p�1pXq is path connected.

For (2), fix rαs P p�1pXq and a basic open set Nprαs, UqXp�1pXq in p�1pXq.
Find an open neighborhood V of αp1q in Y contained in U as described in the
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hypothesis of Part (2). Certainly, Nprαs, V q X p�1pXq � Nprαs, Uq X p�1pXq
and so it suffices to check that Nprαs, V q X p�1pXq is path connected. Let
rβs P Nprαs, V qX p�1pXq for some path β : I Ñ Y from y0 to a point βp1q P X.
Then β � α � γ in Y for some path γ : I Ñ V . Since αp1q and βp1q lie in X,
γ has endpoints in X. By assumption, there is a path δ : I Ñ V X X that is
path-homotopic in Y to γ. Let rδs : I Ñ rY be the standard lift of δ starting
at rβs. Then rδs is a path in Nprαs, V q X p�1pXq from rαs to rβs. This proves
Nprαs, V q X p�1pXq is path connected.

For (3), suppose the hypotheses of (1) and (2) hold. Based on the previous
two parts, it suffices to check that q � p|p�1pXq has the required unique lifting
property. Suppose pZ, z0q is path connected and locally path-connected and
f : pZ, z0q Ñ pX, y0q is a map such that f#pπ1pZ, z0qq ¤ q#pπ1pp

�1pXq, ry0qq. If
j : p�1pXq Ñ Y is the inclusion, then

pi � fq#pπ1pZ, z0qq ¤ pi � qq#pπ1pp
�1pXq, ry0qq

� pp � jq#pπ1pp
�1pXq, ry0qq

¤ p#pπ1prY , ry0qq.

Hence, there exists a unique map rg : pZ, z0q Ñ prY , ry0q such that p � rg � i � f .
Since pprgpZqq � ipfpZqq � X, we have rgpZq � p�1pXq. Thus rg is a unique map
satisfying q � rg � g. We conclude that q is a generalized covering map.

Finally, suppose the hypotheses of (4) holds. Since the conclusions of Parts
(1)-(3) hold, it suffices to show that p�1pXq is simply connected. Let rα : I Ñ

p�1pXq be a loop based at ry0. Since rY is simply connected, α � p � rα is a loop
in X that is null-homotopic in Y . However, since the inclusion i : X Ñ Y is π1-
injective, α must also be null-homotopic in X. By the unique lifting properties
of q, a null-homotopy of α in X lifts to a null-homotopy of rα in p�1pXq.

Corollary 6.11. Suppose X � Y is a retract such that the inclusion i : X Ñ Y
induces an isomorphism on π1. Then X admits a generalized universal covering
if and only if Y admits a generalized universal covering. Moreover, if p : rY Ñ Y
is a generalized universal covering map, then the restriction p|p�1pXq : p�1pXq Ñ
X is a generalized universal covering map.

Proof. First, suppose that Y admits a generalized universal covering p : rY Ñ Y .
We prove that X admits a generalized universal covering by proving the second
statement. The second statement will follow from Part (4) of Proposition 6.10
once the hypotheses are verified. The only non-trivial hypothesis to check is that
the hypothesis of Part (2) holds. Suppose x P X and V is a neighborhood of x in
Y . Set U � V . Let r : Y Ñ X be a retraction for which i : X Ñ Y is a section.
Suppose α : I Ñ U is any path with endpoints in UXX. Now r�α : I Ñ UXX
is a path with the same endpoints. Moreover, since r# : π1pY, u0q Ñ π1pX,u0q
is an injective and r#prαsq � r#prr � αsq, we have α � r � α in Y . Thus α is
path-homotopic in Y to a path in U X X. This verifies the hypothesis of (2)
and the result follows.

For the other direction, suppose that X admits a generalized universal cov-
ering q : rX Ñ X. It follows from [3, Lemma 2.34] if f : pZ, z0q Ñ pX, y0q is
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any map, then there exists a generalized covering map p : rZ Ñ Z such that
p#pπ1p rZ, rzqq � f�1

# pq#pπ1p rX, rxqqq. We note that rZ may be the locally path-
connected coreflection of a path component of the usual pullback of q by f .
Applying this fact to q and r : Y Ñ X, we obtain a generalized covering map
p : rY Ñ Y such that p#pπ1prY , ry0qq � r#pq#pπ1p rX, rxqqq. Since q is a general-

ized universal covering map and r# is an isomorphism, p#pπ1prY , ry0qq � 1. Since

any generalized covering map induces an injection on π1, we conclude that rY is
simply connected, i.e. p is a generalized universal covering map.

Although Corollary 6.11 provides no new information about fundamental
groups, it will be useful for our approach to higher homotopy groups. Its great-
est utility includes cases where Y is obtained from X by attaching higher di-
mensional spaces to X in a way that does not affect the fundamental group. We
apply the last few results to the case of shrinking adjunction spaces.

Lemma 6.12. Let Y � AdjpX,xj , Aj , ajq where X is path connected and each
pAj , ajq is sequentially 1-connected. Let y0 P X. If X admits a generalized

universal covering map q : rX Ñ X, then
(1) the inclusion i : X Ñ Y and retraction r : Y Ñ X induce inverse isomor-

phisms on π1.
(2) Y admits a generalized universal covering map p : rY Ñ Y such that rX is

a retract of rY and p|�X � q.

(3) rY z rX is the disjoint union of open subspaces

Nj,rαs � trα � εs P rY | εpp0, 1sq � Ajztajuu

for j P N and paths α : pI, 0, 1q Ñ pX, y0, xjq,

(4) Aj,rαs is closed in rY ,
(5) If Aj is locally path connected, then p maps Aj,rαs � Nj,rαs Y trαsu home-

omorphically onto Aj.

Proof. Part (1) is a special case of Corollary 4.12. With Part (1) established,
Corollary 6.11 gives the existence of a generalized universal covering map p :rY Ñ Y whose restriction to p�1pXq is a generalized universal covering map over

X. The map r � p : rY Ñ X induces a map rr : rY Ñ rX such that q � rr � r � p.
Consider the diagram below where i and ri are inclusions.

rX ri //
q

��

rY rr //

p

��

rX
q

��

X
i
// Y

r
// X

Since q�prr�riq � q, it follows that rr�ri � id�X . Hence rr is a retraction, completing
the proof of (2).

For (3), since X is closed in Y , it follows that rX � p�1pXq is closed as

a subspace of rY . Certainly, Nj,rαs � rY z rX is clear for any j P N and path
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α : pI, 0, 1q Ñ pX, y0, xjq. Suppose ry P rY z rX. Then ppryq P Ajztaju for some

j P N. Find a path rγ : I Ñ rY from the basepoint ry0 to ry and notice that
γ � p � rγ is a path in Y from y0 to ppryq. Let t0 � suptt P I | γptq P Xu. Then
γpt0q � xj and γppt0, 1sq � Ajztaju. Since the inclusion i : X Ñ Y induces
an isomorphism on π1, we may assume that γpr0, t0sq � X without changing
the path-homotopy class of γ|r0,t0s. Let α � γ|r0,t0s and ε � γ|rt0,1s. Nowry � rγp1q � rα �εs where α : I Ñ X is path from y0 to xj and εpp0, 1sq � Ajztaju.

Thus rY z rX �
�
tNj,rαs | j P N, α : pI, 0, 1q Ñ pX, y0, xjqu.

Fix j P N and a path α : pI, 0, 1q Ñ pX, y0, xjq. For any path ε : pI, 0q Ñ
pAj , ajq with εp1q � Ajztaju, the set Bprα �εs, Ajztajuq is an open neighborhood

of rα � εs in rY . Therefore,

Nj,rαs �
¤
tBprα � εs, Ajztajuq | ε : pI, 0q Ñ pAj , ajq, εp1q P Ajztajuu

is open in rY .
Finally, suppose ry P Nj,rαs X Nj1,rβs. Then ry � rα � εs � rβ � δs for paths

ε : pI, 0q Ñ pAj , ajq with εp1q P Ajztaju and δ : pI, 0q Ñ pAj1 , aj1q with εp1q P
Aj1ztaj1u. Since εp1q � δp1q, we must have j � j1. Thus αp1q � βp1q � xj .
Applying the retraction rj : Y Ñ Aj to the equality rα � εs � rβ � δs gives
rεs � rδs as path-homotopy classes in Aj . It follows that rαs � rβs as path-

homotopy classes in X. We conclude that rY z rX is the disjoint union of the open
sets Nj,rαs ranging over pairs pj, rαsq where j P N and rαs is a path-homotopy
class of a path α : pI, 0, 1q Ñ pX, y0, xjq.

For (4), rX X Aj,rαs � trαsu is clear since rX X Nj,rαs � H. To check that

Aj,rαs is closed in rY , Part (3) makes clear that we only need to check that Aj,rαs
is closed in rX YAj,rαs. Suppose rβs P rXztrαsu. If βp1q � αp1q � xj , then βp1q

lies in the open set Y zAj of Y . Now U � Bprβs, Y zAjqXp rXYAj,rαsq is an open

neighborhood of rβs in rX YAj,rαs. If rβ � εs P U with ε : pI, 0q Ñ pY zAj , βp1qq,
then εp1q R Aj and so rβ � εs R Aj,rαs. Therefore, U X Aj,rαs � H. On the
other hand, suppose βp1q � αp1q � xj . Then rαs and rβs are distinct points in
the fiber q�1

j pxjq � p�1pxjq. Since the fibers of a generalized universal covering
spaces are Hausdorff, we may find an open neighborhood W of xj in Y such that

rαs R Bprβs,W q. Now U � Bprβs,W qXp rXYAj,rαsq is an open neighborhood of

rβs in rX YAj,rαs. It suffices to show that U XAj,rαs � H. Suppose otherwise.
Then we have paths ε : pI, 0q Ñ pAj , ajq and δ : pI, 0q Ñ pW,xjq such that
rα � εs � rβ � δs P Bprβs,W q X Aj,rαs. If εp1q � aj , then, since Aj is simply
connected, we have rαs � rβ � δs P Bprβs,W q a contradiction. If αp1q P Ajztaju,
then we may find t0 � maxtt P I | δptq � aju. Since Aj is simply connected,
we have rεs � rδ|rt0,1ss. Thus rαs � rβ � δ|r0,t0ss P Bprβs,W q, which is another
contradiction. We conclude that U XAj,rαs � H.

For Part (5), notice that p maps rαs P Aj,rαs to xj and all points of Nj,rαs
into Ajztaju. Suppose rα � εs and rα � δs are elements of Nj,rαs with pprα � εsq �
εp1q � δp1q � pprα � δsq. Now ε � δ� is a loop in Aj based at aj . However,
Aj is simply connected. Thus, rεs � rδs, giving rα � εs � rα � δs. We conclude
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that p maps Aj,rαs bijectively onto Aj . If γ : pI, 0q Ñ pAj , ajq is any path
and V is a path-connected open neighborhood of γp1q, then p maps the open

set Bprα � γs, V q X Aj,rαs in the subspace Aj,rαs of rY onto V . Hence, p is a
homeomorphism.

Although rY will be a shrinking adjunction space only in trivial cases, Lemma
6.12 shows that rY is at least an indeterminate adjunction space (Recall Section

3.3) with core rX and attachment spaces Aj,rαs, rαs P p�1pxjq.

Corollary 6.13. Let Y � AdjpX,xj , Aj , ajq where X is path connected and
each pAj , ajq is sequentially 1-connected. Let y0 P X. If X admits a generalized

universal covering map q : rX Ñ X, then, rY is an indeterminate adjunction
space with core rX, attachment spaces Aj,rαs and attachment points rαs P rX
ranging over all path-homotopy classes of paths α : I Ñ X from y0 to the
attachment points xj P X.

Remark 6.14. The condition that each Aj is locally path connected in (5) of
Lemma 6.12 is only needed if one wants to ensure that p maps Aj,rαs to Aj by a
homeomorphism. If Aj is not locally path connected, then Aj,rαs is canonically
homeomorphic to the locally path-connected coreflection lpcpAjq and the map
p : Aj,rαs Ñ Aj corresponds to the continuous identity map lpcpAjq Ñ Aj .
Hence, p maps Aj,rαs to Aj by a bijective weak homotopy equivalence.

Lemma 6.15. If n ¥ 2 and Aj is sequentially n-connected at aj for all j P N,

then the retraction rr : rY Ñ rX induces an isomorphism rr# : πmprY , ry0q Ñ

πmp rX, ry0q for all 2 ¤ m ¤ n.

Proof. For all m ¥ 1, the following square commutes.

πmprY , ry0q
rr#
//

p

��

πmp rX, ry0q

q

��

πmpY, y0q r#
// πmpX, y0q

When m ¥ 2, the vertical maps are isomorphisms by Theorem 6.8. According
to Theorem 4.12, since each pAj , ajq is sequentially n-connected, r# is an iso-
morphism for all 1 ¤ m ¤ n. Therefore, the top map is an isomorphism when
2 ¤ m ¤ n.

Recall that q�1pxjq � rX is a convenient way to denote the set of path-
homotopy classes in X from y0 to xj . For each pair pj, rαsq with rαs P q�1pxjq,

let rj,rαs : rY Ñ Aj,rαs be the canonical retraction.

Lemma 6.16. Let X � Y and rX � rY be as in Lemma 6.12. Let Z � rY be a
subspace, which is a Peano continuum and let Zj,rαs � Z XAj,rαs. Let K be the
set of pairs pj, rαsq such that Z XNj,rαs � H. Then
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(1) K is countable,

(2) Z X rX and Z XAj,rαs, pj, rαsq P K are Peano continua,
(3) If K is infinite, then Z is homeomorphic to the shrinking adjunction space

with core Z X rX and attachment spaces Zj,rαs, pj, rαsq P K.

Proof. Since Z is separable and the subspaces Nj,rαs are open and disjoint by
(3) of Lemma 6.12, it is only possible for Z to meet Nj,rαs for countably many
pairs pj, rαsq. Hence K is countable.

For (2), recall that there is a retraction rr : rY Ñ rX such that rrpAj,rαsq �
rαs for all j P N and α : pI, 0, 1q Ñ pX, y0, xjq. Then rrpZq � Z X rX is a
Peano continuum. Also, for all pj, rαsq P K, rrj,rαspZq � Z X Aj,rαs is a Peano
continuum.

For (3), recall that Corollary 6.13 gives that rY is an indeterminate adjunction

space with core rX, attachment spaces Aj,rαs. The conclusion of (3) now follows
from Proposition 3.15.

6.3 The main result: injectivity of Φ

Finally, we prove the strongest results of this paper, which imply Theorem 1.1
in the introduction.

Theorem 6.17. Let Y � AdjpX,xj , Aj , ajq where X is a one-dimensional
Peano continuum and each pAj , ajq is sequentially pn � 1q-connected and πn-
residual. Then

(1) πmpY, y0q � 0 for all 2 ¤ m ¤ n� 1,
(2) the canonical homomorphism

rΦ : πnprY , ry0q Ñ
¹
jPN

¹
rαsPp�1pxjq

πnpAj,rαs, rαsq

induced by the retractions rj,rαs : prY , ry0q Ñ pAj,rαs, rαsq is injective.

Proof. By Theorem 4.12, r# : πmpY, y0q Ñ πmpX, y0q is an isomorphism for
all 1 ¤ m ¤ n � 1. Since X is one-dimensional, X is aspherical [8]. Hence,
πmpY, y0q � 0 for all 2 ¤ m ¤ n� 1.

For (2), suppose n ¥ 2 and let F � tpj, rαsq P N � rX | αp1q � xju. Letrf : pIn, BInq Ñ prY , ry0q be a map such that rfj,rαs � rj,rαs � rf is null-homotopic

in Aj,rαs for all pj, rαsq P F . We will show that rf is null-homotopic in rY . By

Lemma 4.9, f � p � rf is homotopic to an n-loop g in Y that is in factored form.
This homotopy lifts to a homotopy rf � rg where rg is the lift of g. Therefore,
we may assume from the start that f is in factored form. Choose a Whitney
cover Cj of Vj � f�1pAjztajuq so that tCjujPN forms a factorization of f (where

Cj � H if Vj � H). Since Imp rfq, is a Peano continuum, Lemma 6.16 ensures

that the set K � tpj, rαsq P F | Imp rfq XNj,rαs � Hu is countable. Then for all
j P N, the set Kj � trαs P q�1pxjq | pj, rαsq P Ku is countable.
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Let Uj,rαs � rf�1pNj,rαsq and notice that Vj is the disjoint union of the open
sets Uj,rαs, rαs P Kj . Therefore, Cj,rαs � tC P Cj | C � Uj,rαsu is a Whitney

cover of Uj,rαs for all pj, rαsq P K. Moreover, if C P Cj,rαs, then rfpCq � Aj,rαs
and fpBCq � aj . Therefore, rfpBCq � rαs. We conclude that for all pj, rαsq P K,rfj,rαs is a Cj,rαs-concatenation. By assumption, rfj,rαs is null-homotopic for all

pj, rαsq P K and therefore fj,rαs � rj � f � p � rfj,rαs is null-homotopic in Aj for
all pj, rαsq P K.

Let D � Imp rfqX rX. Since rX is a topological R-tree, D is a dendrite. For each

pj, rαsq P K, let Zj,rαs � Imp rfq XAj,rαs. Now Imp rfq � D Y�tZj,rαs | pj, rαsq P
Ku is a Peano continuum in the indeterminate adjunction space DY

�
tAj,rαs |

pj, rαsq P Ku with core D and attachments spaces Aj,rαs, pj, rαsq P K. When K

is finite, Imp rfq is a finite adjunction space. When K is infinite, Proposition 3.15

gives that Imp rfq is a shrinking adjunction space with core D and attachment
spaces Zj,rαs, pj, rαsq P K attached at the corresponding points rαs P D. Either

way, tCj,rαs | pj, rαsq P Ku forms a factorization of rf with respect to given

decomposition of Imp rfq. Therefore, rf is in factored form with respect to this

decomposition of Imp rfq.
Even though Zj,rαs need not be sequentially pn� 1q-connected at rαs, Theo-

rem 5.10 applies since rf is in already in factored form. Therefore, rf is homotopic
rel. BIn to an n-loop rg P ΩnpImp rfq, ry0q that is in single factor form with respect

to the indicated decomposition of Imp rfq. Let tRj,rαs | pj, rαsq P Ku be a factor-
ization of rg where Rj,rαs consists of a single n-cube Rj,rαs (each Rj,rαs cannot

be empty since Imp rfq X Zj,rαsztrαsu � H). Let g � p � rg.

Then rgj,rαs � rrj,rαs �rg � rfj,rαs is null-homotopic in Aj,rαs for all pj, rαsq P K.
It follows that gj,rαs � p � rgj,rαs is null-homotopic in Aj for all pj, rαsq P K.

If Kj is finite, then for each rαs P Kj , choose any null-homotopy Hj,rαs :
Rj,rαs�I Ñ Aj,rαs of rg|Rj,rαs , i.e. where Hj,rαspx, 0q � gpxq and Hj,rαspBRj,rαs�
I YRj,rαs � t1uq � rαs.

If Kj , is infinite, we claim that the set tg|Rj,rαs | rαs P Kju clusters at
xj � aj in Aj . Indeed, these maps have image in Aj and if U is an open

neighborhood of aj in Y , then p�1pUq X Imp rfq is an open neighborhood of

the fiber p�1pxjq X Imp rfq. Since Kj � p�1pxjq X Imp rfq, Kj lies in the core

D of the shrinking adjunction space Imp rfq. Recalling Lemma 3.4, we must

have rgpRj,rαsq � Zj,rαs � p�1pUq X Imp rfq for all but finitely many rαs P Kj .
Therefore, gpRj,rαsq � U for all but finitely many rαs P Kj . Since the set
tg|Rj,rαs | rαs P Kju of null-homotopic n-loops clusters at xj � aj in Aj and
since Aj is assumed to be πn-residual at aj , we may choose a set tHj,rαs |
rαs P Kju of corresponding null-homotopies that cluster at aj , that is, where
Hj,rαs : Rj,rαs � I Ñ Aj is a null-homotopy of g|Rj,rαs .

Although g is not in single factor form in Y , the sets Sj � tRj,rαs | rαs P Kju
form a factorization of g (define Sj � H if Kj � H). Define H : In � I Ñ Y
so that H is the constant homotopy on g�1pXq � rg�1pDq and which agrees
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with Hj,rαs on Rj,rαs � I. Certainly, H is well-defined. Since g is not in single
factor form, the continuity of H is not completely obvious. However, the only
non-trivial situation to consider is a sequence of distinct pairs pji, rαisq, i P N
in K and points pxi, tiq P Rji,rαis � I where tpxi, tiqu Ñ px, tq in In � I. We
have Hpxi, tiq P Aji and since px, tq P B

�
tRji,rαis | pj, rαsq P Ku, we must

have x � Hpx, tq P X. Let U be an open neighborhood of Hpx, tq in Y and
xji � gpBRji,rαisq � xji for each i P N. By the continuity of g, we must have
txjiu Ñ x in X and therefore xji P U for all but finitely many i. By replacing
pji, rαisq with a cofinal subsequence, if necessary, we may assume that xji P U
for all i P N.

Let P � tj P N | xj � xji for some i P Nu. First, suppose P is finite. If
Hpxi, tiq R U for infinitely many i, then there is some j0 P P and i1   i2   i3  
� � � such that xj0 � xjim and Hpxim , timq R U . However, we chose the maps
tHj0,rαs | rαs P Kj0u to cluster at aj0 . Therefore, we must have ImpHj0,rαsq �
HpRjim ,rαim s � Iq � U for all but finitely many m P N; a contradiction. Next,
suppose P is infinite. In this case, the sequence txjujPP converges to x and
so (by Lemma 3.4) we have Aj � U for all but finitely many j P P . Suppose
j1   j2   � � �   jq are the integers for which Aj � U . Now, if Hpxi, tiq R U for
infinitely many i, there must be some ` P t1, 2, . . . , qu and i1   i2   i3   � � �
such that for all m P N, we have ` � im and Hpxim , timq R U . Now we are in the
same situation as the finite case and we arrive at a contradiction. We conclude
that Hpxi, tiq P U for all but finitely many i, proving the continuity of H.

Let h P ΩnpY, y0q be the map hpxq � Hpx, 1q. Note that h agrees with
g on g�1pXq and maps Rj,rαs to xj P X. Therefore Imphq � X. Since X is
aspherical, h is null-homotopic in X. Since f � g � h, we conclude that f is
null-homotopic in Y . Therefore, rf is null-homotopic in rY .

Recall from Remark 6.5 that each fiber p�1pxjq, xj � y0 may be identified
with π1pX, y0q once a choice of paths βj : pI, 0, 1q Ñ pX,xj , y0q is made. Also,
each group πnpAj,rαs, rαsq may be identified canonically with πnpAj , ajq. Con-
sequently, we have a homomorphism Φ : πnpY q Ñ

±
jPN
±
π1pXq πnpAjq which is

only canonical relative to the choice of paths βj . Since Φ is not entirely canon-
ical, we now find it acceptable to remove basepoints from the notation. In the
following diagram of isomorphisms, the top and left map are canonical and the
other two require choice for the square to commute.

πnprY q
p# �
��

rΦ //
±
jPN
±
rαsPp�1pxjq πnpAj,rαsq

�
��

πnpY q
Φ

//
±
jPN
±
π1pXq πnpAjq

Corollary 6.18. Let Y � AdjpX,xj , Aj , ajq where X is a one-dimensional
Peano continuum and each pAj , ajq is sequentially pn � 1q-connected and πn-
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residual. Then there is an injective homomorphism

Φ : πnpY, y0q Ñ
¹
jPN

¹
π1pX,x0q

πnpAj , ajq.

Example 6.19. ‘ To illustrate the need for the πn-residual property in Theorem
6.17, recall from Section 2.4 that CHn is sequentially pn � 1q-connected but is
not πn-residual at the usual basepoint x0 in the base of the cone. Consider the
shrinking adjunction space Y � H1 _ CHn with core X � H1 is the Hawaiian
earring with wedgepoint y0, A1 � CHn with basepoint y0, and where Aj � ty0u
for j ¥ 2 (See Figure 14). Since each Aj is sequentially pn�1q-connected, there

is a generalized universal covering p : rY Ñ Y where rY consists of the topological

R-tree �H1 with a copy A1,rαs of CHn attached at each rαs P p�1py0q. We may
identify p�1py0q � π1pH1, y0q. Applying the same argument as in Example

4.29, gives πnprY , ry0q � 0. Since πnprY , ry0q � πnpY, y0q, it follows that the trivial
homomorphism

Φ : πnpY, y0q Ñ
¹

rαsPπ1pH1q
πnpCHn, x0q

is not injective. Indeed, if `k : S1 Ñ H1 is the inclusion of the k-th circle and
fk : Sn Ñ CHn is the inclusion of the k-th sphere in the base of the cone, then
r
±
kPNp`k � fkqs � 0 in πnpY, y0q but Φpr

±
kPNp`k � fkqsq � 0.

Figure 14: The space H1 _ CH2.

6.4 The image of Φ and examples

In this section, we characterize the image of the canonical injectionrΦ : πnprY , ry0q Ñ
¹
jPN

¹
rαsPp�1pxjq

πnpAj,rαs, rαsq
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from Theorem 6.17. In particular, we assume Y � AdjpX,xj , Aj , ajq where X
is a one-dimensional Peano continuum and each pAj , ajq is sequentially pn� 1q-
connected and πn-residual. We also re-use the notation for the subspace Aj,rαs
of rY , which is the homeomorphic copy of Aj attached at rαs P p�1pxjq.

For convenience, we identify πnpAj,rαs, rαsq � πnpAj , ajq which allows us to
view

G �
¹
jPN

¹
rαsPp�1pxjq

πnpAj,rαs, rαsq

as the group of all functions g : rX Ñ
À

jPN πnpAj , ajq such that gpp�1pxjqq �

πnpAj , ajq for all j P N and gprαsq � 0 if rαs P rXz�jPN p
�1pxjq. In other words,

if supppgq � trαs P rX | gprαsq � 0u is the support of g, then supppgq � p�1ptxj |
j P Nuq. For g P G and j P N, let gj P G be the “jth projection” satisfying
supppgjq � p�1pxjq and gj |p�1pxjq � g|p�1pxjq.

Suppose that C � p�1pxjq is countably infinite and well-ordered as C �
trα1s, rα2s, rα3s, . . . u, then there is a canonical homomorphism

ΘC : rpHn, b0q, pAj , ajqs Ñ G

so that if `i : Sn Ñ Hn is the inclusion of the i-th sphere, then ΘCprf sqprαisq �

rf � `is, i P N and ΘCprf sqprαsq � 0 for all rαs P rXzC.

Theorem 6.20. Consider an element g P G. Then g P ImprΦq if and only if
(1) supppgq is compact,
(2) for all j P N, either supppgjq is finite or supppgjq is countably infinite and

gj P ImpΘsupppgjqq.

Proof. Suppose rf P ΩnprY , ry0q and g � rΦp rfq. Let

F � trαs P rX | αp1q � xj and Imp rfq XNj,rαs � Hu.

It follows from Lemma 6.16 that F is countable. Since supppgq � F , supppgq
is countable. Therefore, supppgjq is countable for all j P N. Since supppgq lies

in the dendrite Im
� rf	X rX, the closure supppgq (taken in rX) is compact. Next,

fix j P N such that supppgjq � trα1s, rα2s, rα3s, . . . u is infinite. According to the
proof of Theorem 6.17, we may assume, without altering the homotopy class ofrf , that rf is in single factor form in the shrinking adjunction space Im

� rf	. In

particular, we may find disjoint n-cubes Rj,rαis, i P N such that rfpBRj,rαisq �
rαis, rfpRj,rαisq � Aj,rαis, and rfpInz�iPN intpRj,rαisqq � Im

� rf	 zp�1pAjztajuq.

Define h : pHn, b0q Ñ pAj , ajq so that if so that `i : Sn Ñ Hn is the inclusion of

the i-th sphere, then h � `i � p � rf |Rj,rαis . We have Θsupppgjqprhsq � gj . Thus
gj P ImpΘsupppgjqq.

For the converse, suppose g P G satisfies (1) and (2). Let D � rX be the
union of all arcs connecting the points of the compact set supppgq Y try0u. An
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elementary argument shows that D is compact and is therefore a dendrite. Let
K be the set of pairs pj, rαsq such that rαs P p�1pxjq and rαs P supppgjq. For
each pj, rαsq P K, we choose a map fj,rαs P ΩnpAj , ajq as follows: If supppgjq
is finite, pick any map fj,rαs representing gjprαsq P πnpAj , ajq. If supppgjq is
infinite and gj P ImpΘsupppgjqq, write supppgjq � trα1s, rα2s, rα3s, . . . u and find
a map h : pHn, b0q Ñ pAj , ajq such that Θsupppgjqphq � gj . Set fj,rαis � h�`i for

all i P N. For each pj, rαsq P K, let rfj,rαs P ΩnpAj,rαs, rαsq be the lift of fj,rαis
based at rαs.

Since D is a Peano continuum, there exists a surjective path rβ : pI, 0q Ñ

pD, ry0q. Let β � p � rβ. We may assume that for each pj, rαsq P K, there exists
an open interval Oj,rαs in p0, 1q such that βpOj,rαsq � rαs. As in the proof of

Theorem 3.12, let Ct � r t2 ,
1�t

2 sn for 0 ¤ t   1 and let C1 � tp1{2, 1{2, . . . , 1{2qu.

Consider the n-loop rF P Ωnp rX, ry0q, which maps BCt to rβptq for 0 ¤ t   1 and

F pC1q � rβp1q. Then F � p � rF P ΩnpX, y0q maps BCt to βptq for 0 ¤ t   1 and
F pC1q � βp1q.

Pick an n-cube Rj,rαs �
�
tBCt | t P Oj,rαsu. Let rf : In Ñ rY be the function

which agrees with rF on Inz
�
pj,rαsqPK intpRj,rαsq and such that rf |Rj,rαs � rfj,rαs

for all pj, rαsq P K. Clearly rf is well-defined. Set f � p � rf . Essentially the
same argument used in the proof of Theorem 6.17 (to verify the continuity of H)

gives the continuity of f . The lift rf must then be continuous. By construction,rΦ�r rf s	 � g.

The subgroup
±
jPN
À

π1pX,y0q πnpAj , ajq of G consists of all g P G such that

supppgjq is finite for all j P N. We identify some situations where Im
�rΦ	 lies

in this subgroup.

Corollary 6.21. Let g P ImprΦq and fix j P N. If X is π1-finitary at xj or if
Aj is πn-finitary at aj, then supppgjq is finite.

Proof. Suppose X is π1-finitary at xj . We prove, by contrapositive, that the

fiber p�1pxjq is discrete. Indeed if p�1pxjq is not discrete, then since rX is a
uniquely arc-wise connected, locally path-connected metric space, there exists
an injective path β : I Ñ rX that maps t1{m | m P NuYt0u into p�1pxjq. Setting
γm � p � β|r 1

m�1 ,
1
m s gives a sequence tγmumPN of non-null-homotopic loops that

converges to xj . Therefore X is not π1-finitary at xj . We conclude that p�1pxjq

is a closed, discrete subspace of rX. It follows that supppgjq � p�1pxjq is a

closed, discrete subspace of the compact space supppgq. Thus supppgjq is finite.
Next, suppose Aj is πn-finitary at aj . If supppgjq � trα1s, rα2s, rα3s, . . . u is

countably infinite, we can find a map h : pHn, b0q Ñ pAj , ajq with Θsupppgjqprhsq �
gj . In particular, Θsupppgjqprhsqprαisq � rh � `is for i P N. However, since Aj
is πn-finitary at aj , there exists an i0 P N such that th � `iui¥i0 is sequentially
null-homotopic. Thus Θsupppgjqprhsqprαisq � 0 for all i ¥ i0; a contradiction.
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Applying Corollary 6.21 when the hypothesis applies to all attachment points,
we obtain the following.

Corollary 6.22. Suppose that for every j P N, either X is π1-finitary at xj
or Aj is πn-finitary at aj. Then rΦ maps πnprY , ry0q isomorphically onto the

subgroup of
±
jPN
À

π1pX,y0q πnpAj , ajq consisting of g with supppgq compact.

Example 6.23. Corollary 6.22 includes the case where the core X is arbitrary
and all attachment spaces are CW -complexes. For instance, suppose X is any
1-dimensional Peano continuum such as the Menger Cube and Aj is an n-sphere
for all j P N and Y � AdjpX,xj , Aj , ajq for any sequence of attachment points
txjujPN. All attachment spaces Aj � Sn are sequentially pn� 1q-connected and

πn-finitary. Therefore, Corollary 6.25 implies that rΦ maps πnprY , ry0q isomorphi-
cally onto a subgroup of¹

jPN

à
π1pX,y0q

πnpAj , ajq �
¹
jPN

à
π1pX,y0q

Z.

Example 6.24 (H1 _ Hn). A motivating example is the space Y � H1 _ Hn
with wedgepoint b0 (See Figure 2). We may regard Y as having core H1 and
attachment spaces pAj , ajq � pSn, enq, j P N. By Corollary 6.22, Φ maps
πnpH1 _ Hn, b0q isomorphically onto a subgroup of

±
jPN
À

π1pH1q Z, which we

regards as a subgroup of the group of ZN�π1pH1q. In particular, πnpH1 _Hnq is
cotorsion-free. It follows from Corollary 6.22 that g P ImpΦq if and only if
• supppgq � trαs P π1pH1, b0q | gpj, rαsq � 0u is countable and has compact

closure in π1pH1, b0q,
• g has finite support din the second variable in the sense that for each
j P N, trαs | gpj, rαsq � 0u is finite.

If so desired, one could represent g as a formal sum
°
j,rαs gpj, rαsq indexed

over N� π1pH1, b0q or as a formal sum
°
rαs grαs indexed over π1pH1, b0q where

grαs P ZN is given by grαspjq � gpj, rαsq.
Although the above characterization of πnpH1 _ Hnq as a subgroup of the

σ-product
±σ

c Z is sufficient for carrying out computations in the group, the
author does not know if the isomorphism type of πnpH1 _ Hnq has another
description.

The double direct sum
À

jPN
À

π1pX,y0q πnpAj , ajq consists of all g P G for

which supppgq is finite. Certainly, if supppgq is finite, then supppgq � supppgq
is compact. This case occurs in the following “tame” situation.

Corollary 6.25. Suppose the following two conditions hold.
(1) All but finitely many attachment space pAj , ajq are sequentially n-connected.
(2) For every j P N, either X is π1-finitary at xj or Aj is πn-finitary at aj.

Then Φ maps πnpY, y0q isomorphically onto
À

jPN
À

π1pX,y0q πnpAj , ajq.

Example 6.26. Corollary 6.25 includes the classical case where X is a finite
graph but also includes case where the core X is wild and finitely many CW-
complexes are attached at (possibly wild) points of X. For instance, suppose
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X � H1 and that Y is obtained by attaching finitely many n-spheres to X.
By regarding this space as a shrinking adjunction space with Aj � taju for
all but finitely many j, Corollaries 6.18 and 6.25 give that Φ maps πnpY, y0q
isomorphically onto

À
jPN
À

π1pH1,b0q πnpAj , ajq, which is isomorphic to

mà
j�1

à
π1pH1,b0q

Z �
à
c

Z.

6.5 The inverse limit interpretation

Although shrinking adjunction spaces have a natural description as an inverse
limit, it does not seem possible to prove our main technical results using only
an inverse limit framework. For instance, to prove Theorems 5.8 and 5.10, one
must construct homotopies that deforms an n-loop non-trivially on an entire co-
final portion of the inverse limit and this requires working with the entire limit
at each step. Moreover, it is surprisingly tedious to formalize the sense in which
the isomorphisms rΦ and Φ are components of a natural isomorphism. Therefore,
now that Theorem 6.17 is established, we expose the shape-theoretic interpre-
tation where naturality is immediate. We refer to [22] for preliminaries of shape
theory. From now on, we assume that X is a one-dimensional Peano continuum
and that each attachment space Aj is an pn� 1q-connected polyhedron.

It is well-known that a one-dimensional Peano continuum X is homeomor-
phic to the inverse limit limÐÝmpXm, bm�1,mq of finite graphs Xm [24]. The bond-
ing maps bm�1,m : Xm�1 Ñ Xm are topological retractions which map each
edge of Xm�1 linearly onto an edge of some finite subdivision of Xm. By choos-
ing (topological) sections sm,m�1 : Xm Ñ Xm�1, we see that each Xm is a
retract of X. Hence, there are embeddings sm : Xm Ñ X, which are sections to
the projections bm : X Ñ Xm. Identifying Xm with its image in X, we choose
y0 P X1 � X2 � X3 � � � � � X. Each fundamental group π1pXm, y0q is a finitely
generated free group Fim of rank im and it is known that the canonical homo-
morphism Λ1 : π1pX, y0q Ñ limÐÝmpFim , pbm�1,mq#q is injective [6, 11]. However,
Λ1 is not surjective unless X itself is a finite graph. For notational convenience,
we may write X8 for X � limÐÝmpXm, bm�1,mq and b8 : X8 Ñ X8 for the
identity map. The homomorphism Φ from Corollary 6.18 is not surjective, in
part, because Λ is not surjective.

For k,m P N Y t8u, let Yk,m be the space obtained by attaching Aj , 1 ¤
j ¤ k to Xm by aj � bmpxjq. Here the first variable k corresponds to the
number of spaces Aj attached and the second variable m corresponds to the
graph approximation Xm to X � X8. For example, Y8,m is the shrinking
adjunction space obtained by attaching all Aj to Xm along the sequence of
points tbmpxjqujPN and the space Yk,8 was previously denoted Yk. We have
bonding maps:

(1) ζpk�1,kq,m : Yk�1,m Ñ Yk,m which is the identity on Xm, which maps
A1, A2, . . . , Ak homeomorphically to the corresponding copy in Yk,m, and
which collapses Ak�1 to bmpxk�1q P Xm.
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(2) ζk,pm�1,mq : Yk,m�1 Ñ Yk,m which agrees with bm�1,m on Xm�1 and which
maps A1, A2, . . . , Ak homeomorphically to the corresponding copy in Yk,m.

(3) ζpk�1,kq,8 : Yk�1,8 Ñ Yk,8 agrees with the previously defined map ρk�1,k.
(4) ζ8,pm�1,mq : Y8,m�1 Ñ Y8,m, which agrees with bm�1,m on Xm and which

maps Aj (attached at bm�1pxjq) homeomorphically to the corresponding
copy of Aj in Y8,m (attached at bmpxjq).

Using the sections to bm and bm�1,m, one can directly construct sections to each
of these maps. Hence, all of these maps are topological retractions. Whenever
k ¤ k1 ¤ 8 and m ¤ m1 ¤ 8, there is a map ζpk1,kq,pm1mq : Yk1,m1 Ñ Yk,m
constructed as the corresponding composition of the above maps. Additionally,
for any pair k,m P NY t8u, there is a retraction ζk,m : Y8,8 Ñ Yk,m. We may
make the following identifications:

(1) Yk � Yk,8 � limÐÝmpYk,m, ζk,pm�1,mqq
(2) Y8,m � limÐÝkpYk,m, ζpk�1,kq,mq
(3) Y � Y8,8 � limÐÝk Yk,8 � limÐÝm Y8,m

For any pair k,m P NYt8u, the space Yk,m is the shrinking adjunction space
obtained by attaching a sequence of spaces Aj , 1 ¤ j ¤ k to the one-dimensional
Peano continuum Xm along the points tbmpxjqu1¤j¤k in Xm. Hence, the results
of the previous section apply to Yk,m.

Specifically, there are generalized universal covering maps qk,m : rXm Ñ Xm

and pk,m : rYk,m Ñ Yk,m such that the restriction of pk,m to p�1
k,mpXmq agrees

with qk,m. When m   8, rXm is a tree and when m � 8, rX8 is a topological
R-tree.

When k   8, Yk,m is an ordinary adjunction space with the weak topology

with respect to Xm, A1, A2, . . . , Ak. It is straightforward to check that rYk,m is
the adjunction space (with the weak topology) obtained by attaching a copy of

Aj , 1 ¤ j ¤ k to rXm at each point in the fiber of p�1
k,mpbmpxjqq. Corollary 6.25

gives that

πnprYk,mq � kà
j�1

à
rαsPFim

πnpAjq.

Under this identification, the bonding maps may be described as follows.
• πnprYk�1,mq Ñ πnprYk,mq collapses the k � 1-th summand

À
Fim

πnpAk�1q
to the identity.

• πnprYk,m�1q Ñ πnprYk,mq maps the summand πnpAjq with index pj, rαsq P
t1, 2, . . . , ku�Fim�1 isomorphically onto the summand πnpAjq with index
pj, pbm�1,mq#prαsqq P t1, 2, . . . , ku � Fim .

The spaces Yk,m, pk,mq P N2, approximate Y and form an HPol-expansion
of Y . Hence the n-th Čech homotopy group of Y is

π̌npY q � limÐÝpk,mqPN2

πnpYk,mq

Here, N2 is endowed the product directed order pk,mq ¤ pk1,m1q if k ¤ k1 and
m ¤ m1. There are three natural ways one can describe this inverse limit, as a
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single limit along the diagonal or taking the limit in each variable separately:

π̌npY q � limÐÝ
kPN

πnpYk,kq � limÐÝ
m

¹
k

πnpYk,mq �
¹
k

limÐÝ
m

πnpYk,mq.

Regardless of how one chooses to represent the n-th shape homotopy group,
Theorem 6.17 implies the following.

Theorem 6.27. Let Y � AdjpX,xj , Aj , ajq where X is a one-dimensional
Peano continuum and each Aj is a pn � 1q-connected polyhedron. Then the
natural homomorphism Λn : πnpY q Ñ π̌npY q is injective.

Proof. Suppose 0 � rf s P πnpY, y0q. Let rf P ΩnprY , ry0q be the lift to the gen-

eralized universal covering space rY . By Theorem 6.17, there exists k P N and
rαs P p�1pxkq such that rk,rαs � rf is not null-homotopic in Ak,rαs. Fix any

m ¥ 1 and let rζk,m : rY Ñ rYk,m be the lift of the retraction ζk,m, which satisfies

pk,m � rζk,m � ζk,m � p. Recall that Yk,m consists of the finite graph Xm with
spaces A1, A2, . . . , Ak attached. Let Bk be the homeomorphic copy of Ak inrYk,m attached at rζk,mprαsq P p�1

k,mpζk,mpxkqq. Since Ak,rαs is the locally path

connected coreflection of Bk, the restriction rζk,m : Ak,rαs Ñ Bk is a bijective

homotopy equivalence. In particular, if R : rYk,m Ñ Bk is the canonical re-

traction, then rR � rζk,m � rf s � 0. Since πnpBkq is one of the summands in

πnpYk,mq �
Àk

j�1

À
π1pXmq πnpAjq, we conclude that rζm,k � f s � 0.

rY
p

��

rζk,m
// rYk,m

pk,m

��

R

!!

Sn

rf
??

f
// Y

ζk,m

// Yk,m // Bk

While it is outside the scope of the current paper, the author expects that
further algebraic study of π̌npY q may provide an interesting alternative presen-
tation of πnpY q.
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