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Abstract

A space X is “sequentially n-connected” at x € X ifforevery0 < k < n
and sequence of maps fi, f2, fa, -+ : S¥ — X that converges toward a
point x € X, the maps f,, contract by a sequence of null-homotopies that
converge toward x. We use this property, in conjunction with the Whit-
ney Covering Lemma, as a foundation for developing new methods for
characterizing higher homotopy groups of finite dimensional Peano con-
tinua. Among many new computations, a culminating result of this paper
is: if Y is a space obtained by attaching an infinite shrinking sequence
A1, Az, As, ... of (n — 1)-connected CW-complexes to a one-dimensional
Peano continuum X along a sequence of points in X, then there is an in-
jection @ : 7 (Y) = [ ;e @s, (x) ™ (A;) that is canonical after a certain
choice of paths in X is made. Moreover, we characterize the image of ®
using generalized covering space theory. As a case of particular interest,
this provides a characterization of 7, (H; v H,) where H,, denotes the
n-dimensional Hawaiian earring.
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1 Introduction

In the past two decades, the homotopy theory of Peano continua and the al-
gebraic theory of natural infinitary operations that arise in their homotopy
groups has witnessed incredible progress, led by the pioneering work of Katsuya
Eda. However, this progress has almost exclusively centered around funda-
mental groups and homotopy types of low-dimensional spaces. For instance,
Eda’s remarkable classification theorem [I0] asserts that homotopy types of
one-dimensional Peano continua are completely determined by the isomorphism
type of their fundamental groups [I0]. With the exception of the asphericity
of one-dimensional [§] and planar spaces [7] and the work of Eda-Kawamura
[12] on shrinking wedges of spaces like the n-dimensional Hawaiian earring H,,
essentially no significant progress has been made in the effort to further charac-
terize higher homotopy groups that admit natural infinite product operations.
This stagnation is primarily due to the lack of techniques for suitably construct-
ing homotopies on higher dimensional domains. In this paper, we develop new
techniques that allow us to make new computations and, which, are expected
to support a renewed effort in developing the infinitary algebraic topology of
Peano continua. Three key new insights include the following:

(1) We introduce and study the sequentially n-connected property (Defini-
tion [2.15)), which is closed under many important constructions (includ-
ing shrinking wedges and infinite direct products) and provides a robust
framework for extending methods from classical homotopy theory to the
infinitary setting.

(2) We introduce a process for constructing intricate homotopies by applying
the Whitney Covering lemma [27], a classical result in analysis which
ensures the existence of convenient cubical coverings of arbitrary open
sets in R™.



(3) We apply the generalized universal covering spaces introduced in [14] in
the same way that classical covering spaces are used to characterize higher
homotopy groups of non-simply connected spaces.

The primary obstruction to understanding higher homotopy groups of locally
complicated spaces is the difficulty in uniquely characterizing the homotopy class
of an arbitrary n-loop, i.e. a map f : S™ — X. One must be able to replace f
with a homotopic map g : S™ — X, which is structurally much simpler than f
or which satisfies some kind of special form. For instance, in classical homotopy
theory, if X is a CW-complex, then f may be replaced by a cellular map or if
X = X; v X is a wedge of (n — 1)-connected spaces, then f is homotopic to a
product ¢; - g2 where g; : S™ — X, is a based map.

In this paper, we overcome the lack of classical homological methods by con-
structing required homotopies by “brute force.” Indeed, Eda and Kawamura’s
work [I2] has also suggested that there is little hope of circumventing such tech-
nicalities. These homotopies will typically deform infinitely many parts of a map
simultaneously and so the primary difficulty is identifying a construction that
is actually continuous. Although several of our proofs are quite technical, the
first two key insights mentioned above make our methods possible and intuitive.
In particular, “sequential n-connectedness” is a convenient sequential analogue
of a space being both n-connected and locally n-connected. We find that this
property is precisely what is required to employ an inductive process for con-
structing homotopies that realize infinite factorizations of arbitrary homotopy
classes.

To illustrate a concrete application of our methods, we focus on a particu-
lar construction: we begin with a Peano continuum X, a (possibly repeating)
sequence {z;} en in X, and a sequence of based spaces {(4;,a;)}jen. We con-
struct a space Y by attaching each A; to X by identifying a; ~ z; and giving
Y a topology so that whenever a subsequence {xj,} converges to z, the corre-
sponding attachment spaces A;, “shrink” toward z. We call the resulting space
Y a shrinking adjunction space and we often write Y = Adj(X,z;, Aj,a;) to
distinguish this decomposition of Y. For example, if X = [0,1], we can con-
struct a shrinking adjunction space Y by attaching an n-sphere of diameter 21
at each dyadic rational 2%, meN, 0<j<2™—1 (see Figure . One should
beware that (a) collapsing the arc X will not result in a weakly homotopy equiv-
alent quotient space Y /X and (b) Y does not satisfy the local contractability
condition used in [12]. Hence, completely new methods are required to address
what, deceivingly, appears to be only a small modification of the n-dimensional
Hawaiian earring H,.

The culminating result of this paper is the following theorem, which allows
one to understand m,(Y) as a subgroup of a product of the homotopy groups
of the attachment spaces A;. In this result, X may be the Hawaiian earring,
Sierpinski carpet, or Menger curve, all of which fail to have traditional universal
covering spaces.

Theorem 1.1. Let n > 2 and Y = Adj(X,z;,A;,a;) be the shrinking ad-
junction space with basepoint yo € X where X is a one-dimensional Peano
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Figure 1: An example of a shrinking adjunction space constructed by attaching
2-spheres attached to an arc along a dense set of points.

continuum and each (A4;,a;) is an (n — 1)-connected CW-complex. Then there

18 an injection
b7, (Y) - H 1_[ Tn(4;),
jeN 1 (X)

which is canonical after making a choice of a sequence of paths 8; : (1,0,1) —

(Xa yOaxj); .7 e N.

Moreover, we characterize the image of ® in terms of the “whisker topology”
on generalized covering spaces. Theorem was motivated, in part, to provide
a solution to the open problem of characterizing m,(H; v H,,) for n = 2 (see
Figure . The primary difficulty embedded in this problem is the effect of the
Hawaiian earring group 71 (H; v H,,) = 71 (H;) on m,(H; v H,,). Due to the
infinitary nature of m1(H;), this effect is substantially more complicated than
the usual m1-action. Our analysis shows that ,,(H; v H,,) embeds canonically
into the group ZN*™ (M) In particular, 7 (Hy v Hy,) is isomorphic to the group
of functions ¢ : N x my (H;) — Z, which have finite support in the second variable
(and thus countable support overall) and for which {[a] € 71 (H}) | (4, []) # 0}
has compact closure in 7y (H;) with the whisker topology. See Example for
more details. This characterization of ,, (H; v H,,) is canonical and suffices for
any computations or applications the author can imagine. Since it follows that
7, (H; v H,,) is cotorsion-free, a Fuchs-type decomposition [I6] may provide a
non-canonical description of the isomorphism type of m, (H; v H,,) as an abelian
group.

Theorem [I-1] is proved as a special case of Theorem [6.17, which is the
strongest result in this paper. We avoid the statement of Theorem here
since it involves some terminology to be developed later on. The new techniques
leading up to the proof of Theorem [6.17] particularly the factorization methods
in Sections [4) and [§] are expected to provide new methods for addressing several
other fundamental open problems in the field.

Finally, we remark that the length of this paper is a result of the substantial
technical hurdles that must be overcome to prove Theorem (and conse-
quently Theorem . Sections [2| and |3| are dedicated to establishing required
notation, terminology, and constructions. With the exception of scattered re-
marks and examples intended to provide intuition and context for the reader,



Figure 2: The space H; v Hs.

Sections and [6] develop a step-by-step approach to proving Theorem [6.17]

Acknowledgments: The author thanks Katsuya Eda for conversations and
questions that helped motivate this project.

2 Infinite products in homotopy groups

All topological spaces in this paper are assumed to be Hausdorff. Throughout,
I denotes the unit interval [0, 1] and S™ € R™*! denotes the unit n-sphere with
basepoint e, = (1,0,0,...,0). If X and Y are spaces, then Y will denote the
space of continuous functions X — Y with the compact-open topology. Gener-
ally, ¢, € Y X will denote the constant map at ye Y. If AC X and BC Y,
then (Y, B)(X*4) will denote the subspace of YX consisting of maps f : X — Y
satisfying f(A) € B. For a based space (X,x), we let Q™(X,z) denote the
relative mapping space (X,z)!"%1") so that m,(X,z) = mo(Q*(X,z)) is the
n-th homotopy group. We refer to elements f € Q" (X, ) as n-loops, which may
also be viewed as based maps (S™,e,) — (X, z) using a fixed choice of home-
omorphism I™/0I™ =~ S™. More generally, [(X,z), (Y,y)] will denote the set of
pointed-homotopy classes of maps (X,z) — (Y,y). We say that a homotopy
H: X xI —>Y is constant on A € X (or is relative to A) if for all x € A,
H(x,t) is constant as t varies.

For 0 < m < n, the term m-cube will refer to subsets of I"™ of the form
R = |]}_, C; where C; is a closed interval for m-values of i and a single point
for the other n — m values of i. A subset of R of the form F =[]\, D; where
D; is either C; or one of the two boundary points of C; is called a face of R.
Specifically, F' is a p-face of R if F' is a p-cube. Generally, we will use the term



boundary of a subset A € I" to mean the topological boundary 0A in I™. The
face-boundary of a k-cube R, denoted bd(R), is the union of the (k — 1)-faces of
R. Certainly, 0R = bd(R) for any n-cube R € I"™ and 0R = J for all k-cubes
with k& < n.

Given two n-cubes R = | |!_, C; and R’ = | [;_, C/ in I"™ and maps f : R —
Xandg: R — X, wewrite f = gif f = goh for a homeomorphism h : R — R/,
which

e maps each m-face of R onto an m-face of R/,

e maps each 1-face [[;_; D; with non-degenerate component D; to the 1-

face [ ]!, D} of R" with non-degenerate component D’ by a map whose

J-th component D; — D; is increasing.
Such a map h need not be affine but the second condition ensures that h maps
0-faces to O-faces and never rotates or changes the orientation of any p-face. For
example, let Lg p : R — R’ denote the canonical map, which is increasing and
linear in each component. If f = go Ly g/, then f=g. If f: (R,0R) — (X, x)
is a map, and if it does not cause confusion, we will identify f with the n-loop
foLm peQ™(X,x) and still refer to f as an n-loop.

Given maps f1, fa, ..., fm € Q"(X, ), the m-fold concatenation |-, f; =
fif2++ fm is the map (I", 0I™) — (X, x) whose restriction to R; = [£1, L] x
I"Vis fioLg, . If f € X1 then the map f~ € X!" defined by f~(t1,ta,...,t,) =
f(1 —ty,ta,...,t,) is called the reverse of f.

Remark 2.1. If f € Q*(X,y) and o : I —» X is a path from z to y, then
there is a canonical map « * f € Q™(X, z) that corresponds to the action of the
fundamental groupoid on [ [,y 7. (X, a). In particular, (o # f)|[1/3,2/3% = f
and (o # f)(0([s,1 — s]™)) = a(3s) for s € [0,1/3]. We refer to a = f as the
path-conjugate of f by a.

We will later be confronted with the situation where an n-loop f and path
a appear together as a map g : I"™ x {1} u (2I") x I — X where g(x,1) = f(x)
and g(x,t) = a(t) if (x,t) € (0I"™) x I. When this occurs, we note that there is
a canonical piecewise-linear map r : I™ x I — I"™ x {0} u (0I™) x I that retracts
the (n + 1)-cube down onto the “hollow box without a top,” specifically, so that

r(x,0) = (a = f)(x).

A Peano continuum is a connected locally path-connected compact metric
space. The Hahn-Mazurkiewicz Theorem [23] Theorem 8.14] implies that a
Hausdorff space is a Peano continuum if and only if there exists a continuous
surjection I — X. Given any path-connected Hausdorff space X and zg € X,
the n-th homotopy group 7, (X, o) is isomorphic to the canonical directed limit
lim , . (A4, x¢) where C is the directed set of Peano continua in X containing
xo (and directed by inclusion). This fact justifies our primary interest in Peano

continua, although many of our results will apply far more generally.

2.1 Infinite products over n-domains

Definition 2.2. An n-domain is a set % of n-cubes in I"™ whose interiors are
pairwise disjoint, i.e. int(R) nint(R') = & if R # R in Z.



Notice that n-domains are always countable. Sometimes, we may have need
to index Z as {Ry, | k € K} where K is well-ordered.

Definition 2.3. Let #Z be an n-domain. We say that Z is a locally finite cover
of a subset A € I" if [ JZ = A and for fixed R € #Z, Rn R #  for at most
finitely many R’ € #Z.

Definition 2.4. If { fi}rex S Y X is a collection of maps indexed by a countable
set K, we say that {fx}rer clusters at a point y € Y if for every neighborhood U
of y, we have Im(f) € U for all but finitely many k € K. If K is a well-ordered
set, we may say that {fi}kex converges to the point y since {fi}rex clusters at
y if and only if {fx}rex converges to the constant map c, in Y.

Since Y is assumed to be HausdorfF, a set of based maps { fx }rerx S (Y 0)%0)

can only cluster at the basepoint yg.

Definition 2.5. Let # be an n-domain and consider a set { fr} rez S Q" (X, z0)
that clusters at xg. The Z-concatenation of {fr}res is the map [[, fr €
O"(X, zp) whose restriction to R € # is fro Lg,» and which maps I"™\ | JZ to
Zo-

If Z% is infinite, then the assumption that {fr}res clusters at z is required
for the Z-concatenation to be continuous. The following theorem is an infinite
commutativity result based on the work of Eda-Kawamura [12], which was re-
fined and extended in []; it will play a crucial supporting role in the current
paper.

Theorem 2.6 (Infinitary n-Cube Shuffle). Suppose # and . are n-domains
and {fr}rez and {gs}ses are subsets of Q™(X,xo) that cluster at xq. If there
is a bijection ¢ : # — & such that fr = gyr) for all R € %, then we have

Il fr =115 9s by a homotopy (rel. OI™) with image in | Jpoq Im(fR).
Definition 2.7. The standard n-domain is the n-domain #Z = {Ry | k € N}
where Ry = [%, kiﬂ

in Q"(X,z) that converges to x is the Z-concatenation [ [, fr where Z is the
standard n-domain. We will typically denote this n-loop as H‘,le S

x I"™. The infinite concatenation of a sequence {fx}ren

The following “n-domain shrinking” result is a modest generalization of [4]
Lemma 2.3]. Since the proof is straightforward and essentially the same, we
omit it.

Lemma 2.8 (n-domain shrinking). Let f : I — X be a map and Z = {Ry, |
ke K} be an n-domain such that for every k € K, there is a point x € X such
that f(ORy) = xi. If & = {Sk | k € K} is a sub-n-domain of Z, i.e. Sk, S Ry
for all k € K, then there is a map g : I"" — X such that

o g agrees with f on I™\|J,cx int(Rx),

o forallke K, g(Ri\int(Sk)) = zx and gls, = f|r,,

e f is homotopic to g by a homotopy that is constant on I"™\ | int(Ry)

and which maps Ry, x I into f(Ry).



2.2 Sequential homotopy

Definition 2.9. Let {f}men, {gm}men be sequences of maps X — Y both of
which converge to yo € Y. We say that {f,}men and {gm}men are sequentially
homotopic (and write {fm}tmen = {gm}men) if there exists a sequence of free
homotopies H,, : X xI — Y, m € N from f,, to g, such that {H,,}men
converges to x. We refer to the sequence {H,,}men as a sequential homotopy.
We also define the following terms:
o If {fi}men is sequentially homotopic to a constant sequence {cy, }men of
constant maps, then we say that {f,, }men is sequentially null-homotopic.
o If AC X and {fim}men = {gm}men by a sequential homotopy {H,}men
such that, for all m € N, H,, is the constant homotopy on A, then we
say that {fm}men and {gm}men are sequentially homotopic rel. A. In
particular, if A = {xo} and f,gm € (Y, yo)(X’a”O) for all m € N, then we
say {fm}men and {gm }men are sequentially homotopic rel. basepoint.
o If a sequence { fo }men in (Y, 40)X%0) is sequentially homotopic rel. base-
point to the constant sequence {cy, }men, We 88y {fm}men is sequentially
null-homotopic rel. basepoint.

The various notions of sequential homotopy define equivalence relations on
the relevant sets of convergent sequences of maps. The set of pointed-sequential
homotopy classes of maps (X, zo) — (Y, yo) will inherit natural group structure
whenever the usual set of pointed-homotopy classes does.

Remark 2.10 (Infinite horizontal concatenation). If {H,,}men is a sequential
homotopy of sequences {fp,}men and {gm tmen in Q7(X, x) that converge to z,
then we may define a infinite horizontal concatenation of {H,,}men as follows:

Hy‘: H,, is the map I" x I — X whose restriction to R,, = [m_l e ] X

m=1 m > m+1
I""'xIis HyoLp, rn+1 and which maps {1} x I""' x I to z. Then [[,._, Hm
is a homotopy rel. dI" between [[_, f,, and [[_; gm (See Figure|3).

Remark 2.11 (Infinite vertical concatenation). In some of our more technical
results, we will be required to form infinite “vertical composition” of homotopies.
Suppose that {gp}pen — goo in Q*(Y,yo) (with respect to the compact-open
topology). Suppose that Gp, : I x I — Y is a homotopy rel. 0I" from g, to
gp+1. Exponential laws of mapping spaces imply that G}, corresponds uniquely
a path ap, : I — Q*(Y,yo) from g, to gpy1. If {ap}pen converges to g, in
the sense of Definition then we may form the infinite path concatenation
g = [enap 1 I = Q"(Y, o), which satisfies oz%(pp%l) = g, and @y (1) = gop.
Now . corresponds uniquely to a homotopy G, : [ x I — Y from g1 to g4 .
Moreover, G (x, %) = gp(x) for all pe N and G (x,1) = g (x). When G
exists and is continuous, we refer to it as the infinite vertical concatenation of
the homotopies {G}pen (See Figure [4).

In practice, vertical infinite compositions are more difficult to construct than
their horizontal counterparts. Generally, we will construct non-trivial infinite
vertical concatenations in the following scenario: Consider a sequence {gp}pen
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Figure 3: The domain of an infinite horizontal concatenation of homotopies
Ifl7 HQ,Hg, ... of 2-loops.

in Q"(Y,yo) constructed so that there a nested sequence of closed sets C; 2
Cy 2 C3 2 --- such that

C=[Co=)int(C,) # @

peN peN

and such that g,4+1 agrees with g, on I\ int(C,). Suppose we have constructed
a function g, : (I™,0I™) — (Y, yo) and a continuous homotopy G, : I" xI - Y
from g, to gp4+1 such that:
(1) for every p € N, G, is the constant homotopy on I"\ int(C),),
(2) if x € I"\C, then g..(x) is the value of the eventually constant sequence
(9 e
(3) (9x)|c : C =Y is continuous,
(4) if {xp}peny — x with x, € Cj, then every neighborhood of g.,(x) must
contain G,({xp} x I) for all but finitely many p € N.
Under these four conditions, the vertical infinite concatenation G, of the se-
quence {Gp}pen (with G5 (x,1) = g (x)) is well-defined and continuous. Since
we will refer to this situation multiple times and since verifying continuity of
G4 is not entirely trivial, we give a proof below.

Lemma 2.12. Consider a sequence of n-loops {g,}pen in Q*(X, z¢) and homo-
topies G, from gp to gp+1 satisfying Conditions (1)-(4) in Remark . Then
the map g and the infinite vertical concatenation G, : I x I — Y of the
sequence {Gp}pen are continuous.

Proof. First, we check that g, is continuous. Since g, is continuous, Condition
(2) implies that g, is continuous on the open set I"\C. By Condition (3),
9wlc : C — Y is continuous. Therefore, it suffices to consider the following
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Figure 4: The domain of an infinite vertical concatenation of homotopies
G1,G2,G3, ... that converge to 2-1oop gu

situation. Suppose {X;}ien — x where x € C' and x; € I™\C for all i € N. Let U
be an open neighborhood of g, (x) in Y. Since x € C' = ﬂpeN int(Cp), we may
replace {x;}ieny with a cofinal subsequence in int(C7). Find p; € N such that
x; € Cp,\Cp,+1. Then G, (xi,1) = gp,+1(x:) = goo(xs). If {pi}ien was bounded
above by ¢ € N, then x € int(Cy41) but x; ¢ int(Cy11) for all ¢; a contradiction
of {X;}ienv — x. Therefore, {p;}ien — ©. If G,,(x;,1) ¢ U for infinitely many
i, then, we replace {p;}ien by an increasing subsequence. Assuming p; < ps <
pe < ---, we can define x, = x whenever p ¢ {p1,p2,ps3,...}. This gives a
sequence {x,}pen — x with x, € Cp and G,(xp,1) ¢ U for infinitely many p; a
violation of Condition (4) Therefore, we must have g (x;) = Gp,(x;,1) ¢ U for
all but finitely many i € N. This gives {g(X;)}ien = ¢+ (x), completing the
proof of the continuity of g...

The vertical concatenation G, is well-defined by assumption. Conditions
(1) and (2) imply that the only non-trivial case to check is the continuity of
G, at points in C' x {1}. In particular, since we have already established the
continuity of g, we only need to consider a sequence {(x;,t;)}ien — (x,1)
with x € C and such that G, (x;,;) # g (x;) for all ¢ € N. In particular, we
may assume t; < 1 for all 7. Condition (4) allows us to reduce to the case where
x; ¢ C for all 4 € N. Since x € int(C} ), we may replace {(x;,t;)}ien With a cofinal
subsequence to find ¢; € N such that x; ¢ Cy,\Cy,+1 and {g;}ien — 0. Let U be
a neighborhood of G (x,1) = g, (x) in Y. We will show that G, (x;,t;) € U
for all but finitely many i € N.

Find p; € N such that ¢; lies in the domain of G,,, i.e. t; € [p"_l P ]

pi ' pitl
Write s; = L i 1(ti) sothat G, (xi, 8;) = G (%3, t:). Since Gp, (x;, 8;) #

n | Pi=1
I, p; 'p;+1

9 (x;), Conditions (1) and (2) ensure that p; < ¢; and x; € Cp,\Cy,+1. Since
{t;}ien — 1, we have {p;};en — 0. Suppose, to obtain a contradiction, that

10



Gy (x4,t;) € U for infinitely many i. Replacing {(x;, t;)}ien with a subsequence,
if necessary, we may assume that p; < ps < ps < ---. Now G (x;,t;) =
Gp,(x;,8;) where x; € Cp,. Define a, = x; when p = p; and a, = x otherwise.
Similarly, define u, = s; when p = p; and u, = 1 otherwise. Now we have a se-
quence a, € C), such that {a,}peny — x but for which G, (a,, up) ¢ U for infinitely
many p; a violation of Condition (4) We conclude that G is continuous. O

Typically, we will apply the above situation when each C), is a disjoint union
of finitely many n-cubes.

2.3 Shrinking wedges

To streamline our application of sequential homotopies, we employ the well-
known notion of a shrinking wedge of based spaces.

Definition 2.13. The shrinking wedge of countable set {(A4;,a;)} es of based
spaces is the space \/jeJ(Aj,aj) whose underlying set is the usual one-point
union \/jeJ(Aj, a;) with canonical basepoint by. A set U is open in VJ.EJA]- if
e Un X, isopen in A; for all j € J,
e and whenever by € U, we have A; € U for all but finitely many j € J.
When the basepoints and/or indexing set are clear from context, we may write

the shrinking wedge as \/;A;. The special case H, = \/S™ is called the
n-dimensional Hawaiian earring (see Figure [5)).

Figure 5: The 2-dimensional Hawaiian earring Hs, which appears in the work
of Barratt-Milnor [2].

Typically, we will identify Hy = VN(SO7 1) with the space {1,1/2,1/3,...,0}
consisting of a single convergent sequence and basepoint 0. Since XH,,_; =~ H,
for all n € N, [(Hy,bo), (X,x)] is a group and [(H,,bo), (X, )] is an abelian

11



group for all n > 2. Some authors have referred to these groups as “Hawaiian
groups” [Il, I8, 9. If ¢; : S™ — H,, denotes the inclusion of the j-th sphere,
then there is a canonical function ©,, : [(H,, bo), (X, x)] — 7, (X, z)Y given by
On([f]) = ([f o 1], [f o €2],[f o ¥5],...), which is a homomorphism for n > 1.

Remark 2.14. If (X,z) is a based space and f : (\/yX,bo) — (Y,y) is a
based map, then the restriction f; : X — Y to the j-th summand in the
shrinking wedge forms a sequence {f;}jen that converges to y. Conversely,
every sequence {f;} en in (Y, y)(X®) that converges to y uniquely determines a
map f : VNX — Y, which is defined as f; on the j-th summand. If X is locally
compact Hausdorff, then exponential laws for mapping spaces give the existence
of a canonical homeomorphism (Y, y)(VaX:b0) = ((Y,4)X%) ¢, )0.0) of mapping
spaces. In the case X = S™, this means (Y,y)®~t0) ~ (Q*(Y, ), cy)(HOVO)

2.4 Sequential connectedness properties

Recall the k-dimensional Hawaiian earring Hj, and function ©,, : [(H,, by), (X, z)] —
71(X, z)N from the previous section.

Definition 2.15. Let X be a topological space and n = 0.
(1) We say a space X is sequentially n-connected at x € X if [(Hy, by), (X, z)]
is trivial for all 0 < k < n.
(2) We say a space X is m,-residual at v € X if ©,, : [(Hy,bo), (X,z)] —
71 (X, )N is injective.
(3) Wesay aspace X is m,-finitary at x € X if ©,,([(Hy, bo), (X, x)]) lies in the
weak direct product 7, (X, z)™ consisting of finitely supported functions
N — m, (X, z).
(4) We say a space X is n-tame at z € X if, for all 0 < k < n, X is m,-residual
and 7,-finitary at x.
Let & be one of the four pointed properties above. We say a based space (X, x)
has property &2 if and only if X has property & at . We say an unbased space
X has property & if and only if X has property & at all of its points.

Certainly, we have the following implications.

m-residual, 0 < k< n

/\/

sequentially n-connected n-tame

+n-connected

mp-finitary, 0 < k < n

All four of the above properties are sequential analogues of known properties.
As properties of based spaces, each one is an invariant of pointed-homotopy
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type but not of (free) homotopy type. Frequently, we will understand the these
properties in terms of convergent sequences of n-loops. We take a moment to
explain this connection for each property.

Remark 2.16 (Sequential n-connectedness). A space X is sequentially n-
connected at x if and only if every sequence of based maps f; : S¥ - X, jeN
that converges to x € X is sequentially null-homotopic rel. basepoint. By con-
sidering eventually constant sequences, it is clear that if X is path connected
and sequentially n-connected at some point, then X is n-connected. The se-
quentially n-connected property is similar, but not equivalent, to the conjoined
property “locally n-connected and n-connected.”

Remark 2.17 (m,-residual spaces). A space X is m,-residual at x if and only
if every sequence {f;}jen of n-loops in Q"(X, ) that converges to « and where
each f; is null-homotopic in X is sequentially null-homotopic rel. basepoint.
This property is the sequential version of the n-dimensional analogue of the “1-
UV, property” introduced in [5]. This property has little to do with the groups
(X, 2) and more to do with the existence of “enough small null-homotopies”
near x.

Remark 2.18 (m,-finitary spaces). A space X is m,-finitary at z if and only if
for every sequence of n-loops f; : S — X, j € N that converges to x € X, there
exists jo € N such that {f;},=;, is sequentially null-homotopic rel. basepoint.
This property is the sequential analogue of the n-dimensional version of the
semilocally simply connected property. Intuitively, X is m,-finitary at x if there
are no non-trivial infinite products in 7, (X, x).

Remark 2.19 (n-tame spaces). A space X is n-tame at z if and only if for
every for all 0 < k < n and every sequence of maps f; : S¥ — X, j € N that
converges to x € X, there exists jo € N such that {f;},>;, is sequentially null-
homotopic rel. basepoint. Intuitively, if X is n-tame, then the groups (X, x),
0 < k < n are completely “tame” and the groups [(Hg,bo), (X,z)], 0 < k< n
detect nothing more than the usual homotopy groups in the sense that ©; maps
[(Ek, bo), (X, x)] isomorphically onto @,y mk(X,z). Certainly, manifolds and
CW-complexes are n-tame at all of their points (for all n > 0).

In the next proposition, we identify the local analogues of the ,-residual
and m,-finitary properties. The proof is straightforward so we omit it.

Proposition 2.20. Suppose X is first countable at x € X. Then
(1) X is mwy-residual at z if and only if for every neighborhood U of x, there
exist a neighborhood V' of x such that

ker(m,(V,x) — 7, (X, x)) < ker(m,(V, 2) — 7, (U, z))

where the homomorphisms are those induced by inclusion,

(2) X is m,-finitary at x if and only if there exists a neighborhood U of x
such that the homomorphism m,(U, x) — m,(X, x) induced by inclusion is
trivial.
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The proofs in the remainder of this paper will make clear why sequential
properties are far more practical than their local counterparts. Conveniently,
three of these four properties agree in the 0-dimensional case (in the presence
of path-connectivity). The following lemma will provide a foundational case for
higher dimensional situations later on.

Lemma 2.21. For any space X, the following are equivalent:

(1) X is sequentially 0-connected at x € X,

(2) X is path connected and 0-tame at v € X,

(8) X is path connected and mo-residual at X,

(4) every sequence of (unbased) maps {fi}ren S X5 that converges to x is
sequentially null-homotopic,

(5) for every convergent sequence {xy}ren — x, there exists a path o : I — X
such that a(1/k) = z and a(0) = x.

Proof. (1) = (2) = (3) is clear and (3) = (1) follows from the fact that
[ [jen m0(X, ) is a one-point set when X is path-connected. Therefore, we
focus on the equivalence of (1) with (4) and (5).

(1) = (4) Let {fi}ren S X5 be a sequence that converges to x. Set x;, =
fm(=1) and yr = fn(1). By assumption, there is a sequence of paths ay : I —
X from zx to zj that converges to x and a sequence of paths Sy : I — X from =
to xy that converges to x. Now {o; - Bk }ken is a sequence of paths from xj to yx
that converges to 2. Since a (free) null-homotopy of a map S° — X is precisely
a path connecting the points in the image, {a - Sk }ren is a sequentially null-
homotopy of {fx}ken. (4) = (5) Suppose {z}ren — 2. Define f : S — X by
fe(—=1) =z and fr(1) = xg41. Since {fx}ren converges to x, it is sequentially
null-homotopic. In particular, there is a sequence of paths ay from zj to xx41
that converges to x. Defining « to be the infinite concatenation | [, cu gives
the desired path. (5) = (1) Suppose {zj}reny — z. By assumption, there is a
path a : I — X such that a(1/k) = x; and «(0) = z. Let oy be a path with
ar = aljo,1/k]- Then {ay}ren is a sequence of paths from z to z that converges
to x. Thus X is sequentially 0-connected. O

Example 2.22. We give examples to show that all four of the properties are
distinct when n > 1. Certainly, (S™)™ is k-tame for all k,m = 0 but S™ is not
sequentially n-connected since it is not n-connected. It follows directly from
results in [I2] that the n-dimensional Hawaiian earring H,, is sequentially (n—1)-
connected and 7,-residual. However, the identity H,, — H,, shows that H,, is
neither 7,-finitary nor n-tame. Consider the cone CH,, = (H,, x I)/(H,, x {1})
over the n-dimensional Hawaiian earring and let xy be the image of (by,0) in
the quotient. Then CHI, is contractible and therefore k-connected for all & > 0.
Since 7, (CH,, z0) is trivial, Im(0y) = 0 = (74 (CH,,z0))™. However, the
inclusion H,, — C'H,, does not extend to a basepoint-preserving null-homotopy.
Thus [(H,, by), (CH,,,x0)] # 0 and O,, is not injective. Hence, for all n > 0,
CH,, is m,-finitary but not m,-residual at z.

Just as n-connectedness plays a prominent role in standard homotopy group
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computations, sequentially n-connectedness will play a prominent role in this
paper. We identify some topological constructions that preserve this property.

Example 2.23 (Directed Limits). If X = | J,.y X has the weak topology with
respect to subspaces X1 € Xy € X3 € --- where each X; is n-tame, then X is
n-tame. Indeed, if {f,, }men is a sequence in QF(X, z) that converges to = € X,
then |J,,en Im(fr) is a compact subspace of X and therefore lies in X; for
some 4. Thus a cofinal subsequence of {f,,}men is sequentially null-homotopic
in X;. Since a CW-complex has the weak topology with respect to its finite
subcomplexes (all of which are first countable), a similar argument shows that
all CW-complexes are n-tame.

Example 2.24 (Infinite Product Spaces). The n-tame property is closed under
taking finite direct products but not under infinite direct products, e.g. S™ is
k-tame for all k > 0 but (S™)Y is not n-tame at any of its points since it is not
mp-finitary. However, if {(X;,z;) | j € J} is a family of sequentially n-connected
based spaces, then the direct product | [..; X, is sequentially n-connected at
(zj)jes-

jedJ

Example 2.25 (Unreduced Cones and Suspensions). If X is sequentially n-
connected at zg € X, then the unreduced cone CX = X x I/X x {1} is sequen-
tially n-connected at all points in the arc {(xo,t) | t € I} € CX. Since CX
contracts by a pointed null-homotopy at the vertex point v € CX, this is clear
when t = 1. If sg = (xg,t) for 0 < t < 1, there is a deformation retraction
of CX\{v} onto X x {t}. Let r : CX\{v} — X x {t} be the corresponding
retraction and consider a sequence {f;};en in Q"(CX, sq) that converges to sg.
There exists jo € N such that Im(f;) € CX\{v} for all j > jo. If j < jo, then f;
is null-homotopic since CX is contractible. Applying r, we see that {f;};>;, is
sequentially homotopic to {ro f;};z;, in CX, the later of which is a sequence in
X x {t} € CX that converges to (xo,t). Hence, if X is sequentially n-connected
at xo, then {r o f;};=, is sequentially null-homotopic in X x {t}. Thus {f;}en
is sequentially null-homotopic in C'X.

Applying a similar argument, it follows that if X is sequentially n-connected
at xo € X, then the unreduced suspension SX = CX /X x {0} is also sequentially
n-connected at all points in the arc {(zo,t) |t € [} € SX.

The next example plays a key role in our main result.

Example 2.26 (Dendrites). A dendrite is a Peano continuum D such that for
any distinct points a,b € D, there is a unique arc A € D with endpoints {a, b}.
Equivalently, a Peano continuum D is a dendrite if and only if it contains no
subspaces homeomorphic to S'. There are many other useful characterizations
of dendrites from Continuum Theory [23, Chapter 10], some of which we will call
upon later. Every dendrite is contractible and has Lebesgue covering dimension
1. Moreover every compact connected subset D’ of a dendrite D is itself a
dendrite and is a deformation retract of D. As a consequence, every map f :
S™ — D, n = 1 contracts by a homotopy with image in Im(f). It follows that
every dendrite is sequentially n-connected for all n > 0.
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The following proposition illustrates the importance of the sequentially O-
connected property. In the presence of this property, if one wishes to show that
a sequence of maps is null-homotopic rel. basepoint, then it suffices to produce
an unbased sequential null-homotopy.

Proposition 2.27. Suppose (Y, yo) is sequentially 0-connected. If (X, xo) is g
well-pointed, i.e. if {xo} — X is a cofibration, then every sequence {fi}ren in
Y X that converges to yo is sequentially homotopic to a sequence of based maps
{gitren i (Y, y0)X5%0) that converges to yq.

Proof. Suppose {frtren € Y ¥ converges to y. Since {fi(z0)} — %o in Y, by
Lemma [2.21] and Y is sequentially 0-connected at yg, there is a sequence of
paths ap : I — Y from yg to fr(zo) that converges to yg. Since (X,xg) is
well-pointed, there is a retraction r : X x I — X x {0} u {xo} x I. Define a
map B : X x {0} u{zo} x I = Y by B(z,0) = fe(z) and Br(zo,t) = ax(l).
Now define g, : X — Y by gr(z) = Br(r(x,1)). Notice that gr(zg) = yo and
that gy is freely homotopic to fi by a homotopy with image in Im(ay) U Im(fx).
Therefore, fi, and g are sequentially homotopic. O

The following lemma is an immediate consequence.

Lemma 2.28. Suppose (X, x) is sequentially 0-connected and n = 1. Then
(1) (X, x) is sequentially n-connected if and only if for all 0 < k < n, every
sequence of unbased maps f; : Sk — X, j € N that converges to x is
sequentially null-homotopic.
(2) (X,x) is n-tame at x € X if and only if for all 0 < k < n and every
sequence of unbased maps f; : S¥ — X, j € N that converges to x, there
exists jo € N such that {f;};=j, is sequentially null-homotopic.

It was mentioned previously that the n-tame property is similar to the usual
notion of local n-connectedness. Certainly, they are closely related. Formally,
they are not equivalent even among metric spaces. In light of Lemma [2.28] it
becomes clear that the n-tame property is more closely related to the point-
wise “UV™ property” [25]: a space X is said to be UV™ at x € X if for every
0 < k < n each neighborhood U of x contains a neighborhood V of x such that
every map f : S¥ — V is null-homotopic in U.

Proposition 2.29. Suppose X is first countable and locally path-connected at
x€ X. Then
(1) X is n-tame at z if and only if X is UV™ at x,
(2) X is sequentially n-connected at x if and only if X is n-connected and X
s UV™ at x.

It is possible to construct non-first countable spaces that are n-tame at a
point z but not UV™ at x.

16



3 Shrinking Adjunction Spaces

3.1 Definition and examples

In this section, we focus on a generalization of shrinking wedges that will play
a key role in both the motivation for and proof of our main results.

Definition 3.1 (Shrinking adjunction spaces). Consider a space X and a se-
quence {z;}jen (of not necessarily distinct elements) in X. Let {(A;,a;)} en be a
sequence of based spaces. Let Y be the adjunction space obtained by attaching
Ajto X by a; ~ x; for all j <k (with the weak topology). There are retractions
Pk+1.k © Yr+1 — Yy that collapse Apt1 to zx41 and are the identity elsewhere.
The shrinking adjunction space obtained by attaching the sequence {(A4;,a;)}jen
to X along the sequence {x;} e is the inverse limit space ¥ = LiLnkeN(Yk’ Pk+1k)
topologized as a subspace of the direct product | [,.y Yx. The projection maps
will be denoted pi : Y — Y;.

We refer to X as the core of Y, the spaces A;, j € N as the attach-
ment spaces, and the sequence {z,};en as the attachment points. When it
is necessary to refer to this specific decomposition of Y, we may write ¥ =
Adj(X, {Ij}jENv {Aj}j€N7 {aj}jeN) or just Y = Adj(X, Zj, Aj, aj) when the in-
dexing set is clear from context.

Shrinking adjunction spaces are ordinary, finite adjunction spaces when
A; = {a;} for all but finitely many j € N. Additionally, a shrinking adjunc-

tion spaces is precisely a shrinking wedge Y = \/jeNAj when the core X is
a one-point space. Taking Y as a subspace of [ [,y Ys, we may identify the
underlying set of the space Y in Definition with the underlying set of the

ordinary adjunction space (X U ]_[jeN Aj) /~ where z; ~ a;. For instance, un-

der this identification, A; corresponds to (Hf;ll {h < Aj x [ 1o Yk) NY and
X corresponds to [ [y X = (X % [[;o1 Yx) n Y. In the shrinking adjunction
space Y, we may consider the A; as being “shrinking in size.” To make this
more precise and more intuitive, we give a useful characterization of the inverse
limit topology in Lemma Note that if X is separable, then it is possible
that {z; | j € N} is dense in X. Additionally, if j; < jo < j3 < --- is such that
{z, }ien is the constant sequence at x € X, then this subsequence will result in

a copy of the shrinking wedge VieNAji attached at x.

Remark 3.2. Identifying a given space Y as a shrinking adjunction space is a
choice of decomposition of Y and will not be unique for a given space. For exam-
ple, one could view Y = Adj(X, z;, Aj,a;) as Y = Adj (X U ey A2i—1, T2i, Azi, azi),
i.e. with core X U,y A2i—1 and attachment spaces {Ag; }ien. Moreover, if the
core X is a shrinking adjunction space, then there may be many distinct, rele-
vant choices of decompositions of Y.
In general, we allow for the sequence {x;};en to have repetitions and even
have finite image. However, if we replace the sequences of attachment spaces A;
with finite or shrinking infinite wedges of these spaces, then without changing
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the homeomorphism type of Y, we may always assume that {z;}jen is an infinite
sequence of distinct points in X. Formally, let Z = {z; | j € N} and note
that Z = {z1, z2,...} may be finite or infinite. Define T,, = {j e N | z; =
zZm}. If T, is finite, let B, = \/].ETm (Aj,a;) and if T, is infinite, let B,, =
vjeTj(Aj,aj). Take the basepoint b,, € B,, to be the wedge point in each
case. If Z is finite and written as {z1, 22, ... 2}, recursively choose any z,, €
X\{z1,22,...,2m-1} for m > M and, for all such m, let B,, be a one-point
space. Then the shrinking adjunction space obtained by attaching the sequence
{(Bm, bim) }men to the sequence {2, }men of distinct points in X is homeomorphic
to the original shrinking adjunction space Y. For separable X, we may add
more one-point attachment spaces to the sequence so that the sequence {x;};cs
is dense in X.

Remark 3.3 (Indexing by countable sets). For any bijection 0 : N — N
basic properties of inverse limits give a homeomorphism Adj(X,z;, 4;,a;) =
Adj(X,24(;), As(j), Go(jy) that permutes the coordinates of the inverse limit.
Therefore, we are justified in replacing the indexing set N with any countably
infinite set.

Lemma 3.4. Let Y = Adj(X,z,,A;,a;) where X and each A; is compact.
Then a set U €'Y is open if and only if
(1) X nU is open in X,
(2) Aj nU is open in A; for all jeN,
(8) whenever {z; }ien — x in X and v € U, we have Aj;; € U for all but
finitely many i € N.

Proof. Note that the conditions (1)-(3) define a topology on the underlying set
of Y. Let Y, denote the resulting topological space and consider the identity
function i : Ysup — Y. If V is open in Y, then plzl(V) is the union of V' n X,
VnAjforj <kand|J{A;|j>kand z; € VnX}. Then p; (V) satisfies (1)-
(3) and is therefore open in Ys,p. Therefore, the projections pg 0@ : Yeup — Y,
k € N are continuous. Since Y is an inverse limit, it follows that i : Yy, — Y is
continuous.

Since Y is Hausdorff, to ensure ¢ is a closed map, it suffices to check that Yy,
is compact. Clearly, Yy, is Hausdorff and since the inclusions X — Yg,; and
Aj — Y, are continuous, X and each A; are compact subspaces of Y. Let
Z be an open cover of Yy,,. Find finitely many sets Uy, Us, ..., Uy in % that
cover X. Additionally, finitely many sets in % are required to cover each A;
and so to find a finite subcover of Yy, it suffices to show that A; < Uj\m4=1 Un
for all but finitely many j. Suppose there are j; < jo < j3 < --- and points
zj, € Aj\Ufle Um. Now {z;,} is a sequence in X. Since X is compact, we
may replace {z;,} with a subsequence that converges to a point z € X. Find a
set Uy, containing x. By Condition (3), we have A;, € Uy, for all but finitely

many 7; a contradiction of the assumption that z;, ¢ U%:l Uy forallie N. 0O

We will refer to the topology on the underlying set of Y determined by
Conditions (1)-(3) in Lemma [3.4] as the subsequence topology and continue to
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denote this space as Ygup. Typically, we will assume a shrinking adjunction
space Y has the inverse limit topology. However, sometimes it will be more
convenient to use the subsequence topology. For the remainder of this section,
we have need to distinguish the two topologies on Y and so we let Y};,,, denote Y
with the inverse limit topology. The author expects for these two topologies to
agree for many non-compact situations which lie outside of the scope of Lemma
However, a general investigation into the conditions for which these two
topologies agree is a tedious endeavor and so we do not pursue it here. Despite
this, we are able to provide a short proof that Yj;,, and Yy, always share the
same Peano continuum subspaces. Therefore, if one is only interested in sets of
homotopy classes of maps K — X from Peano continua K, then one may freely
use either topology.

Remark 3.5. The shrinking adjunction space Y = Adj(X,z;,4;,4a;) is a
Peano continuum if and only if X and each A; is a Peano continuum. One
direction is clear since X and each A; are retracts of Y. Conversely, if X and
each A; is a Peano continuum, then Y, = Ysup by Lemma@ It then suffices
to show Yy, is a Peano continuum. This may be done by verifying the individual
characterizing properties of a Peano continua or by constructing an onto path
I — Y,y using a choice of onto paths I — X and (1,0) — (4;,a;), j € N.

In categorical language, the next proposition states that Y,; and Y, have
homeomorphic A-generated coreflectiondl}

Proposition 3.6. If K is Peano continuum then a function f : K — Y. is
continuous if and only if f: K — Yim is continuous.

Proof. In the proof of Lemma [3.4 we showed that the identity function i :
Your — Yiim is always continuous. The “only if” direction follows. For the
“if” direction, suppose f : K — Yj;, is continuous. Let Z = f(K) and let Zj;,
denote Z with the subspace topology inherited from Yj;,,. Then Zj;,, is a Peano
continuum as a subspace of Yy;,,,. The canonical mapsr:Y — X andr; : ¥ —
A; are retractions with respect to both of the spaces Ysu, and Y. Hence,
each space Yj, k € N is a retract of both Y}, and Yy,;. Therefore, if Z;;,, lies
entirely the union of X and finitely many A;, then f: K — Y, is continuous.
Therefore, we may assume that Z meets X and J = {j e N| Z n A;\{a;} # &}
is infinite. Since r and r; are retracts, r(Zum) = Ziim N X and 7;(Ziim) =
ZiimNA;, j € J are Peano continua in Yy;,,. If welet Z = r(Zym) W U{r (Ziim) |
1< j<kje J}, k € J, then Zj;,, = liilkeJ(Zk’pk+17k|Zk+1)' Therefore,
Zlim = Adj(’l“(Zlim), {xj}jeJ, {Tj(Zlim)}jEJa {aj }jeJ). By Lemma we have
Zsub = Ziim- The subspace topology on Z inherited from Yi,, agrees with
the subsequence topology on Z and according to Remark Zeub = Liim.-
Therefore, f: K — Zsup S Ysup is continuous. O

IThe A-generated coreflection of X is the space A(X) with the same underlying set as X
and with the topology of sets U € X such that, for every map f : K — X from a Peano
continuum K, f~1(U) is open in K.
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Corollary 3.7. For every Peano continuum X, A € X, and y € Y, the
identity function i : Ysup — Yim induces a bijection [(X,A), Ysub,y)] —
[(X,A4), Yiim,y)]. In particular, the induced function [(Hy,,bo), Ysub,y)] —
[(H,,, b0), (Yiim, y)] is bijective for alln = 1.

Remark 3.8. An important feature of Y, is that whenever z; € A;,, i € N
is a sequence that converges in Y to a point x € X, it must also be the case
that the corresponding sequence of attachment points {z;, }ien = {aj, }ien also
converges to « in X. This follows from the fact that if U is a neighborhood in
Y that meets X, then (U n X) u|J{4; nU | z; € U} is also an open set in Y.

In Section we will show that Y is sequentially n-connected whenever its
core and attachment spaces are sequentially n-connected. For n > 2, this proof
is substantially more complicated and requires the use of Whitney cubes. We
prove the case n = 0 here.

Lemma 3.9. LetY = Adj(X,z;,4;,a;) and yo € X. If (X, yo) is sequentially
0-connected and (Aj,a;) is sequentially 0-connected for all j € N, then (Y, o)
1s sequentially 0-connected.

Proof. Since X and each A; is sequentially O-connected at at least one point, all
of these spaces are path connected. Let {yx}ren — Yo be a convergent sequence
in Y. Note that {ry(yr)}ren is a sequence in X that converges to yo. Since
(X, yo0) is sequentially 0-connected, there is a sequence of paths aj : I — X
from yo to ri(yx) that converges to yo. We construct a sequence of paths Sy :
I - Y from y to ri(yx) that converges to yo. Once this is done, the sequence
{ag - Br}ren allows us to conclude that (Y)yg) is sequentially 0-connected.

We define G as follows. If yp € X, then r(yx) = yr so we let By be the
constant path at yi. For each j € N, let T; = {k e N | yp € A;\{q;}}. If T} is
finite, then for every k € T}, we choose any path fi : I — A; from a; = r(yx) to
yr. If T} is infinite, then, because (A4;,a;) is sequentially O-connected, we may
choose a sequence of paths {8 }rer; in A; from a; = r(yx) to yp that converges
to Q.

With Sj defined for all k € N it suffices to show that {8x}ren converges
to yo. Let U be an open neighborhood of yo in Y. Since {r(yx)}ren — ¥o,
there exists K € N such that r(yx) € U for all k > K. Suppose there exists
K <k <ky<ks<-- and points t; € T such that B, (t;) ¢ U. Considering
our choice of the paths 3y, this only occurs if k; € T}, for some j; € N. However,
{r(yk,) }ien = {aj, }ien converges to yo and therefore A;, € U for all but finitely
many ¢ € N. However, this contradicts the fact that Sy, (¢t;) € A;,\U for all
1eN. O

Corollary 3.10. If (Aj,a;) is sequentially O-connected for all j € N, then
V jen(4;, a;) is sequentially 0-connected at the wedgepoint.

We will often take a subspace Y’ of Y = Adj(X,x;, A;,a;) and wish to view
Y’ as a shrinking adjunction space. The proof of the following lemma follows
from basic properties of inverse limits.
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Lemma 3.11. Let Y = Adj(X,z;,A;,a;), X' € X be a subspace, and suppose
J={jeN|z; e X'} is infinite. The subspace topology onY' = X" U J;c; A;
agrees with the inverse limit topology onY' = Adj(X', {z;}jer, {Aj}jet, {a;}jer)-

3.2 A Splitting Theorem

Here, we begin our analysis of homotopy groups of shrinking adjunction spaces
by generalizing a known splitting result for shrinking wedges, namely, [20, Theo-
rem 2.1]; see also [4, Lemma 5.3]. Interestingly, this result holds in all dimensions
n = 2 and does not require application of Whitney covers.

Theorem 3.12. Let Y = Adj(X,z;,A;,a;) where X is a Peano continuum
and yo € X. Then for all n = 2, the canonical homomorphism

U1, (Y, 90) = mn( X, 50) @ Hwn(Ajaaj)a
jeN

O([f1) =(rofl,[r1o fl[r2o fl,-..) is a split epimorphism.

Proof. Since X is a retract of Y, the splitting will follow if we show the restricted
homomorphism % : m, (Y, y0) — ]_[jeN mn(4;,a;) of @, splits. For each j € N,
pick a map f; € Q"(4;,a;). We will construct a map f € Q"(Y,yo) such that
rjof~ f; forall j €N,

Let @ : I — X be a surjective path so that a(0) = 2o and {z; | j € N} €
a([0,1)). By inserting countably many constant subpaths, we may assume that
for each j € N, there is an open interval (¢;,d;) € I such that a([c;, d;]) = z;.
We parameterize concentric n-cubes in I as follows: for 0 <t < 1, let Cy =
[%, %]” and let Cy = {(1/2,1/2,...,1/2)}. The n-loop £ € Q™(X,yo), which
maps 0C; to a(t) for 0 < ¢ < 1 and £(Cy) = a(1) for all ¢ € I is null-homotopic
and so we modify it to include appropriate portions that map to the spaces A;.

For each j € J, we have a thickened n-sphere K; = C,,\int(Cy, ), which has
boundary 0K; = 0C., u 0Cq4, and such that g(K;) = a([c;, d;]) = x; = a;. For
each j € N, pick an n-cube R; € K (see Figure @ Define f so that

_ X if x ¢ Ujen By
f(X) B {f] OLRj,I”(X) ifxe Rj

Certainly, each projection py o f : I™ — Y} is continuous for each k € N and
therefore f is continuous. Moreover, it is easy to see that r;o f ~ f; forall j € N.
While this proves the surjectivity of ¢, we must further analyze this construct to
ensure that it defines a splitting of ¢. In particular, we note that homotopy class
of f is independent of our choice of the n-cubes R;. Indeed, for each j € N, let S;
be another n-cube in Kj;. Let f’ be the map which agrees with £ on I"\ oy S;
and fi|s; = fjoLs; . Since K; is path connected, we may find a continuously
parameterized family of n-cubes T;(t) € K;, t € I where T;(0) = R; and
T;(1) = S; (note that the sizes of the cubes may change). Define H : I" xI —» Y
so that H(x,t) = {(x) if x ¢ T;(t) and so that H(x,t) = f;j o Ly, m(x) if
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.C]

Figure 6: The domain of f in the case n = 2; f maps K\ int(R;) to a; and
maps R; into A; by f;.

x € Tj(t). Again, the finite projections py o H into the spaces Y} are continuous
and therefore H is a continuous homotopy from f to f’. In short, the homotopy
H simultaneously slides the domain of f; from R; to S; within Kj;. It is also
possible to make the same observation using at most n applications of Lemma
23

The function «(([f;])jen) = [f] defines a set-theoretic section to 1. We check
that & is a homomorphism. Consider another family of n-loops g; € Q(A;, a;)
and a map g constructed, as above, so that x(([g;])jen) = [g]. According to the
previous paragraph we may choose the domains in a convenient manner: For

all j € N, choose R; = [%7 %J] as the domain of f|r, = f; and notice that

. . n—1 | 1=d; 1—¢4 cj dj n—l
each R; lies in [0,1/2] x I"~". Choose S; = [ ] X [— —] as the

2 02
domain of g|s, = g; and notice that each S; lies in [1/2,1] x I"~1.

Consider the concatenation f-g. We apply a homotopy similar to the stan-
dard homotopy used to prove the general property 8+ (f - g) ~ (8= f) (8 *g)
of the m-action on m,. In particular, define G : I™ x I — X as

s 5o t) = {f((2—t)31,32,...,5n) if 51 € [0,1/2]
g((2—t)s1 +t—1,82,...,8,) if s1€[1/2,1]

Since f agrees with £ on [1/2,1] x I"~! and g agrees with £~ on [0,1/2] x I"1,
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G is well-defined. Let h € Q™(Y,y0) be the n-loop, h(x) = G(x,1). Then h
agrees with £ on I™\ UjeN R;j U S, and we have h|g, = f; and h|s, = g; for all
jeN.

Figure 7: The homotopy G from f - g to h excises the middle portion of the
concatenation f - g (left rectangle). The squares R; appear along the diagonal
of the domain of f and the squares S; appear along the lower off-diagonal of
the domain of g. The homotopy H, performed after G, stretches the left edge
of §; to meet the right edge of R; to obtain L.

Now we perform an infinite n-cube shuffle homotopy to h. Let S; = [%, 1_20j ] X

n—1
[%’, 7] . Note that S; € S% € K and that R; and S’ share a face. Here,

202
as a parameterized collection of n-cubes from S; to S} in K; which do not meet
int(R;). Define H' : I" x I — Y to be the map which
e is the constant homotopy (of h) on I"™\|J oy int(K;) and each R, j € N,
e maps T;(t) x {t} to A; by g; for all 0 <t < 1,
o maps Ky x I\ (Upe; (Ty(1) x {8}) 0 (By x 1) to
As before, the projections pp o H' are continuous and so H’ is continuous. Let
L e Q"(Y,yo) be the n-loop L(x) = H'(x,1). Notice that L agrees with h on
I"\U;en(R; 0 S;) and on each n-cube R; U S}, we have L|g; s = f;-g;. Hence,
L is constructed according to our definition of &, that is, [L] = &(([f; - g;])jen)-
All together, we have:

#(([f5]D)jen) + £(([95]) jer)

. d 1-d; 1-¢ ¢ d; 1"t
wemay51mplytakeTj(t)=[(t)7]+(1—t) 52, 2-7]><[J ]] ,0<t<1

[f gl

(L]

([f5 - 95])jen)
([fiDjen + ([95])jen)

We conclude that  is a group homomorphism, which is a section to . O

w(
(

= K

Corollary 3.13. SupposeY = Adj(X,x;, A;,a;) is path-connected and g € Y.
If 1y (Aj,a;) # 0 for infinitely many j € N, then |1, (Y, yo)| = 2%°.
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3.3 Indeterminate adjunction spaces

Some relevant spaces, such as generalized covering spaces of shrinking adjunction
spaces, will not quite be shrinking adjunction spaces. We define the following
general term to provide a context for this situation.

Definition 3.14 (indeterminate adjunction space). We say that Y is an inde-
terminate adjunction space with core space X, attachment spaces {4;};es, and
attachment points {x;};e; if X is a closed subspace of Y and if Y\X is the

disjoint union of open sets N;, j € J where A; = N; and A; n X = {z;} for all
jeN.

If Y is an indeterminate adjunction space, then the underlying set of Y is the
same as the ordinary adjunction space (with the weak topology). However, the
homeomorphism type of Y is not uniquely determined. Despite this ambiguity,
it is clear that, given any finite set F' € J, there is a retraction pp : Y —
Xu UjeF Aj; that collapses Aj, j € J\F to x;. Therefore, if 7 is the topology of
Y, then 7 may be as fine as the weak topology Tyeqr (this is the upper limit) or
as coarse as the inverse limit topology 7y;,, (this is the lower limit). Indeed, we
have Tiim € 7T € Tweak, and it is possible that 7 is equal to neither (see Example
. We show that even if we are confronted with an indeterminate adjunction
space Y, a subspace of Y that is a Peano continuum must be a true shrinking
adjunction space.

Proposition 3.15. Let Y be the indeterminate adjunction space with core space
X, attachment spaces {A;}jen, and attachment points {x;}jen. If Z S Y is a
subspace that is a Peano continuum and meets X and each open set A;j\{a;},
then Z is homeomorphic to the shrinking adjunction space obtained by attaching
the spaces {Z n Aj}jen to Z n X along the points {x;} en.

Proof. Let Yj;y, denote the underlying set of Y equipped with the inverse limit
(shrinking adjunction) topology and note that the identity i : ¥ — Y, is
continuous. Since Z is path-connected and Z n (A;\{a;}) for all j € N, we
have r; = a; € Z n X for all j € N. The collapsing maps 7 : ¥ — X and
r; 1Y — A are retractions with respect to the topology of the indeterminate
adjunction space so r(Z) = Z n X and rj(Z) = Z n A; are all Peano continua.
Let Z;;,, denote the shrinking adjunction space obtained by attaching the spaces
{Z n Aj}jen to Z n X along the points {z,};en. Even though the topology of
Y is indeterminate, the function py o : Y — Y}, which collapses A;, j > k
to x; is continuous. Therefore, the restriction (px 0i)lz : Z — Yy n Z is
continuous for all k¥ € N. We conclude that the identity function i|z : Z —
Zlim = liLnk (Y n Z) is continuous. Since Z is compact and Zj;,, is Hausdorff,
i|z is a homeomorphism. O
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4 Whitney Covers and Infinite Homotopy Fac-
torization

4.1 General homotopy factorization methods

We employ the classical Whitney Covering Lemma [27], which guarantees the
existence of highly structured locally finite covers of arbitrary open subsets of n-
dimensional space. Our statement of the Whitney Covering Lemma below is not
the strongest possible version of this well-known result; the weaker statement
below is more streamlined for our application. In particular, we do not require
all of the geometric features of the construction and we restrict our focus to
open sets U in R™ which lie in the open unit cube so that oU < I"™. We refer
to [I7, Appendix J] for the classical statement, which implies the following.

Lemma 4.1 (Whitney Covering). Let U be a non-empty, proper open subset of
(0,1)™. Then there exists a collection € of n-cubes such that
(1) Je -U
(2) int(C) nint(C") when C # C' in €,
(3) for given C € €, we have C n C'" = & for all but finitely many cubes
C'e?.
(4) Every neighborhood of the boundary oU in I™ contains all but finitely many
Ce®.

We refer to ¢ from Lemma [4.1] as a Whitney cover of U and the individual
cubes C € € as Whitney cubes (See Figure. Notice that every Whitney cover
of U is an n-domain.

Figure 8: A Whitney covering of an open set U < (0,1)?, which need not be
connected nor simply connected. The diameters of the 2-cubes shrink to 0 as
they approach any boundary point of U.

Remark 4.2. It is important to realize that a Whitney cover € of U will not
be a “cubical decomposition” of U, that is, the intersection of two n-cubes of ¥
may not be a face of either cube. While a carefully constructed triangulation of
U could overcome this technical issue, we avoid going back and forth between
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the cubical and simplicial settings by using the following construction, which
takes advantage of the fact that the cubes in & are oriented with the standard
unit vectors and have pairwise disjoint interiors: Let 6, = €. If € is defined,
let ._1 be the set of all kK — 1-cubes which are the intersection of two k-cubes
from 4. Notice that | J%r—1 = | J{bd(K) | K € €k} where bd(K) is the face-
boundary of K, i.e. the union of all (k — 1)-faces of the k-cube K. However,
| Gk—1 will usually be strictly larger than the union of the (k — 1)-faces of the
original n-cubes C € €. For instance, €y contains the vertices (0-faces) of the
n-cubes C' € € but also the 0-faces of any k-cube formed as the intersection of
higher dimensional cubes from | J;_,,<, €m-

Lemma 4.3 (n-loop factorization). Let n = 1 and X be sequentially (n — 1)-
connected at xg € X. Suppose f : I" — X is a map and U is an open subset
of (0,1)™ such that f(OU) = xog. Then for every Whitney cover € of U, there
exists a map g : I™ — X such that

e f is homotopic to g by a homotopy constant on I"\U,

e for each C € €, g(0C) = x,

o for each C € €, there is an n-cube K € int(C) such that g|x = flc.

Proof. Let A = I"\U and consider a Whitney cover % of the (not necessarily
connected) open set U by n-cubes. Recall the definition of 4}, for 0 < k < n
from Remark We define a homotopy H : I™ x I — X by recursively by
extending the definition of f on faces of the cubes K x I, K € %}. By Condition
4. in Lemma [4.1] and the continuity of f, the set {f|c | C € €} clusters at zg
(when each C € ¥ is identified with I™). Hence, {f|x | K € €)} clusters at xg
for all 0 < k < n. First, set Yo = I" x {0} U (A x I) U (Ugey 0C) x {1}. Define
Hy : Yy — X so that

o Hy(x,0) = f(x)ifxeI™ x {0} uAxI,

o Hy(x,1) = zg if x € gy 0C.
Since Ho(0U x I) = xg, it is clear that Hy is continuous on Yy. Recursively,
define

Yk = Yk,1 v U K xI
Ke%r_1

for 1 < k < n and notice that Y,, = You|Joe (0C) x I. We recursively construct
maps Hy, : Y, — X as follows. Recall that any neighborhood of z( in X contains
all but finitely many of the points f(v), v € %p. Since X is sequentially O-
connected at xg € X, there exists a countable system of paths a,, : [ — X, v € 6y
from f(v) to xo that clusters at xg. Define Hy(v,t) = «,(t) for v € €. This
extends the definition of Hy to H; by extending the definition on (¢, {v} % I
in a well-defined fashion. Additionally, the continuity of H; follows directly
from the continuity of Hy and the fact that {c,}yee, clusters at . For any
edge K € ¢, the map H; restricts to a 1-loop g : K x{0,1} Ubd(K) x I — X.
Since the collections {f|x | K € €1} and {a, | v € €o} both cluster at xo, it
follows that the collection of 1-loops {gx | K € €1} clusters at xg.

Suppose, for 1 < k < n — 1, we have constructed a continuous extension
Hy : Yy — X of Hi_1 with the property that if gx is the restriction of Hy 1 to
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Sk = K x{0,1} ubd(K) x I for K € %}, then the collection {gx}kes, clusters
at zo when we identify each Sk with dI**! in the canonical way. Since X is
assumed to be sequentially k-connected at xg, there exists a collections of maps
Gk : K x I — X such that Gk|s, = gk and such that {Gx | K € 6} clusters
at xo when each K x I is identified with I**! in the canonical way. For each
K € %y, define the extension Hy.q of Hy on K x I so that Hy.1|k«x1 = G for
K € 6. This is clearly well-defined and is continuous based on the continuity
of Hy, and the fact that {Gk | K € 6%} clusters at xg.

We proceed until arriving at a continuous extension H, : Y, — X. In
particular, we have constructed H,, so that for every neighborhood V of x¢, we
have H,(C x {0} u (0C) x I) € V for all but finitely many n-cubes C € ¥. For
each C € €, fix a piecewise linear retraction r¢ : (C' x I) > C x {0} u (0C) x I
as in Remark We extend H,, to a homotopy H : I" x I — X by defining
H(x,t) = Hy(rc(x)) if x € C. See Figure[J|for an illustration of the construction
of H. Since H(C x I) = H,(C x {0} u bd(C) x I) for all C' € €, we have that
for a given neighborhood V of zy in X, H maps all but finitely many of the
(n + 1)-cubes C' x I into V. The continuity of H is an immediate consequence
of this observation. Let g : (I",0I™) — (X, x¢) be the map g(x) = H(x,1) and
K < C be the n-cube that r¢ maps K x {1} homeomorphically onto C' x {0}.
Then ¢(0C) = zo and g|x = f|c for all C' € F. O

Remark 4.4. In some applications we will apply the above construction of H in
slightly more structured scenarios. For example, suppose there is a sequentially
(n —1)-connected based subspace (A, z) of (X, xzg), and that after some choice
of Whitney cover ¢, we know that f(0C) lies in A for all C € ¢. Then we may
construct H through the same process but choosing all of the maps gx and G
to have image in A. The resulting homotopy H then has the additional property
that H(C' x I) € A v f(C) for all C' € € and thus Im(H) € A u Im(f).

Often, we will apply Lemma to f e QX,z0) and U = I"\f (o),
in which case, the conclusion ensures that f is homotopic rel. 0I™ to a %-
concatenation [ [.q go for any Whitney covering ¢ of U. The following corol-
lary, which will be applied to shrinking adjunction spaces, is the result of ap-
plying Lemma [4.3] finitely many times and forming the vertical concatenation
of the resulting homotopies.

Corollary 4.5. Let n = 1 and X be sequentially (n — 1)-connected at points
X0, T1,%2,...,T € X. Suppose f: 1" — X is a map and Uy, Uy, Us, ..., Uy are
pairwise-disjoint open sets in (0,1)™ such that f(0U;) = x; for each 1 < j < k.
Then for any Whitney covers € of U;, 1 < j < k, there exists amap g : I" — X
such that

e f is homotopic to g by a homotopy that is constant on I™\ U§=1 U;,

e g(0C) = x; whenever C € €;.

o for each C € €, there is an n-cube K C int(C) such that g|x = flc-

It is natural to ask if there is a version of Lemma where the sequentially
n-connected property is replaced with the weaker “n-tame” property. We show
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(c) Step 2 (d) Step 3

Figure 9: The four steps in the construction of the homotopy H from the proof
of Lemma [£:3 for n = 2. In all four sub-figures, the bottom square is the
domain of f and the dashed domain is U x I. In Step 0, the cubes at height 1
are mapped to xg. In Step 1, the previous step is extended to the 1-faces in €1
using the sequentially 0-connected property. In Step 2, we use the sequentially
1-connected property to define H on the rectangles created by the vertical 1-
faces. After Step 2, H is defined on the “empty box without a top” over each
Whitney cube. In Step 3, H is defined on each 3-cube C'x I ,C' € € by retracting
it onto the empty box from Step 2 and applying the value of H from Step 2.
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that the answer is positive but only if we are willing to replace interiors of the
n-cubes C € € with open manifolds constructed as finite unions of such cubes.
Indeed, the sequentially (n — 1)-connected property allows us to recursively
construct the maps Hy, on all faces of cubes in €. If we only know that X is
(n — 1)-tame, we may perform the same construction only for a cofinite subset
of faces in each dimension k& < n. We give a slightly shorter proof since most of
the construction is the same as in the proof of Lemma

Lemma 4.6. Letn > 1 and X be a path-connected space that is (n—1)-tame at
zo € X. Suppose f € X" and U is an open set in (0,1)™ such that f(OU) = xo.
Then there is a map g € Q"(X,x0) and pairwise-disjoint, connected, open n-
manifolds My, M, M3, ..., U such that

e f is homotopic rel. to g by a homotopy constant on I"\U,

o there exists k € N such that M; is a finite union of n-cubes for all1 <i <k

and M; is a n-cube for i > k,
o U=Uen M,
e g(0M;) = xo for all i e N.

Proof. Let € be a Whitney cover of U and set A = I™\U. Define Yy = I"™ x
{0} UA X TUJgeq 0C x {1}. Define Yy and Hy as in the Proof of Lemma [£.3]
Note that {f(v) | v € 6o} clusters at z¢. Since X is path connected and 0-tame
at xg, X is sequentially O-connected at xg. Setting %y = %, there exists a set
of paths a,, : [ — X, v € Zp from f(v) to mo. Let Y1 = Yy U [J,eq, {v} x I and
define H; : Y7 — X as an extension of Hy by defining H(v,t) = a,(t). Let %
be the set of K € ¥} whose endpoints lie in 2, and note that %, is cofinite in
@1. For each K € %, let gx : K x{0,1} ubd(K) x I — X be the restriction of
H, and notice that {gx | K € %1} clusters at xy.

Suppose, for 1 < k < n — 1, we have constructed cofinite sets %, € % and
a continuous extension Hy : Yy — X of Hp_; with the property that if gx is
the restriction of Hi_1 to Sk = K x {0,1} v bd(K) x I for K € %y, then the
collection {gx }res, clusters at xo when we identify each Sy with OI**+1 in the
canonical way. Since X is assumed to be k-tame at zq, there exists a a cofinite
subset Z;, € % and collections of maps G : K x I —» X, K € 9 such that
Gikls, = gk and such that {Gx | K € 9} clusters at xy when each K x I is
identified with I**! in the canonical way. Let

Yii1 =Y U U K x1.
KeDy

Define the extension Hyi1 of H, on K x I, K € 9y, so that Hy1|kx1 = Gy for
K € %%. This is clearly well-defined and is continuous based on the continuity
of Hy and the fact that {Gk | K € €} clusters at xg. Let %41 be the cofinite
subset of €41 consisting of all the (k+1)-cubes K such that bd(K) is the union
of elements from .

We proceed until we arrive at an extension H, : Y,, = X and the cofinite
subset %,, of € consisting of all n-cubes C' € % such that 0C' is the union of
(n—1)-cubesin %, 1. Let Z = f~'(z0)uUpep, B and define G : I" x{0}uZx T
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so that G(x,t) = g if (x,t) € f~ (xo) x I and if B € %, then G|gxs is the
composition of the retraction B x I — B x {0} u bd(B) x I and the restriction
of H, to B x I — B x {0} ubd(B) x I. Continuity of G requires the same
observations used in the proof of Lemma Notice that W = I"™\Z is open and
has closure equal to the union of the finitely many n-cubes in €\%,,. Therefore,
W is the union of finitely many open n-manifolds M7, My, M3, ..., M} and the
closure of each is a finite union of n-cubes. In particular (M;,dM;) has the
homotopy extension property for all 1 < ¢ < k. Hence, we may extend G to a
map H : I" x I — X by choosing a retraction r; : M; x I — M; x {0} x OM; x I
and define H(x,t) = H(r;(x,t)) for (x,t) € M; x I. Let g € I" — X be
the map ¢g(x) = H(x,1). If we write &, = {Bm+1, Bm+2, Bm+s,-..} and set
M; = int(B;) for i > m, we complete the definition of M;, i € N in a manner
that satisfies the conclusion of the Lemma. O

If we add the n-tame condition to Lemma then the cofinal sequence of
maps g|57- (from the conclusion of the Lemma), which are n-loops based at zg
must have a cofinal subsequence that is sequentially null-homotopic.

Corollary 4.7. Let n = 1 and X be a path-connected space that is n-tame
at g € X. Suppose f : I — X is a map and U is an open set in (0,1)"
such that f(OU) = xg. Then there is a map g : I — X and finitely many
pairwise-disjoint, connected, open m-manifolds My, Mo, M3, ..., My < U such
that

e f is homotopic to g by a homotopy constant on I"\U,

e M; is a finite union of n-cubes for all 1 <i <k,
e g(U\ Uf=1 M;) = .

4.2 Homotopy factorization in shrinking adjunction spaces

Here, we apply the methods from the previous section to n-loops in shrinking
adjunction spaces. Notice that this first definition is intentionally given for the
far more general indeterminate adjunction spaces.

Definition 4.8. Let Y be an indeterminate adjunction space with core X,
attachment spaces {4,} ¢, and attachment points {z,};c;. Let yo € Y. We say
that an n-loop f € Q™(Y, yo) is in factored form with respect to this decomposition
of Y if for every j € J, there is a (possibly empty) n-domain €; in U; =
F~1(A;\{a;}) such that f (Uj\ Uces, int(C)) = a.

If a choice of decomposition for ¥V (e.g. YV = Adj(X,z;,A4;,a;) if YV is a
shrinking adjunction space) is clear from context, we may simply say that f

is in factored form. We refer to the collection {%; | j € J} of n-domains as a
factorization of f and to the n-loops f|c € Q"(4;,q;), C € 6, as the A;-factors

of f.

An n-loop f € Q™(Y,yo) is in factored form in a shrinking adjunction space
Y = Adj(X,z;, Aj,a;) with factorization {%; | j € N} if and only if for each
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J € N either 7; o g is constant (in which case €; = &) or rjog = HCE% glc is
a ¢j-concatenation. '

Lemma 4.9 (Existence of factored forms). Let n > 1, Y = Adj(X,z;, 4;,a;)
where (Aj, a;) is sequentially (n —1)-connected for all j € N, and yo € X. Every
n-loop f € Q™(Y,yo) is homotopic to some g € Q*(Y, yo) that is in factored form.
Moreover, the homotopy from f to g may be chosen to be the constant homotopy
on f~YX) and to have image in Im(f) U | J{A; | Im(f) n 4;\{a;} # &}.

Proof. Let U; = f~1(4;\{a;}) = (rj o f)7'(4;\{a;}) and choose a Whitney
cover ¢; of U;. Apply Lemmato rjo f to find a sequence {g; c € Q"(4;,a;) |
C € ¢;} that clusters at a; and such that rj o f ~ HCE% gc,; by a homotopy
H; : I x I — A; that is the constant homotopy on (rj o f)~!(a;) = I"\U;.
Define g € Q*(Y,y0) to be the function, which agrees with f on f~!(X) and
such that glc = go,; for all j € N, C € €. Corollary ensures that this
construction may be achieved continuously for any finite number collection of
j € N. Recalling the inverse limit definition ¥ = Llnk Y}, it follows that the
projection pyog : I™ — Y} is continuous for all £ € N. Thus g is continuous with
respect to the inverse limit topology on Y. Similarly, define H : I" x [ — Y so
that H(x,t) = f(x) when f(x) € X and H(x,t) = H;(x,t) if x € U;. As before,
Corollary ensures the projections py o H are continuous for all £k € N. We
conclude that H is continuous. O

The next lemma shows that our construction of factored-form homotopy-
representatives may be carried out in a way that preserves convergence to a
point.

Lemma 4.10 (Sequential factorization). Let n > 1, Y = Adj(X,z;, A;,q;)
where (Aj,a;) is sequentially (n — 1)-connected for all j € N, and yo € X. Let
{fm}men be a sequence in Q™(Y,yo) that converges to yo. Then {fm}men i
sequentially homotopic to a sequence {gm }men in Q*(Y,yo) such that, for every
m € N, g, is in factored form. Moreover, the sequential homotopy {H,,}men
from {fm}tmen t0 {gm}men may be chosen to have the following properties: for
allmeN,

e H,, is the constant homotopy on f,.1(X),

o In(H,) € Im(f) o UA; | Tm(fon) 2 AMas} # @)

Proof. Since {fmn}men converges to yo, we may form the infinite concatenation
[ =1Tlnen fm € Q"(Y,40). Let K, = [m—_l m ] x I ! and note that K =

m ’m-+1
Unen 0Km U {1} x I < f~1(yo). By Lemma f is homotopic to an n-loop
g € Q™(Y,yp) in factored form by a homotopy H, which is the constant homotopy
on f~'(X) and to have image in Im(f) u J{4, | Im(f) n A;\{a;} # &}. Let
H,, = HoLpn+1 gy1. Since K € f~(yo) € f~1(X), we have H,,(0I" x I) = yo
for all m € N. Define g, € Q"(Y,y0) by gm(x) = Hp(x,1) and note that
9 = [lnen 9m- Since g is in factored form, each restriction g,, must also be
in factored form. Additionally, for each m € N, H is the constant homotopy
on f7HX) n Kn = [l (X). Therefore, Hy, is the constant homotopy on
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f1(X). Moreover, the construction of H from Lemma makes it clear that
Im(Hyp) S Tm(fn) © ULA; [ T(fm) 0 Aj\a;} # S5 O

Theorem 4.11. Let n > 0, Y = Adj(X,z;, Aj,a;) where (A;,a;) is sequen-
tially n-connected for all 7 € N, and yo € X. Every sequence {fm}men in
Q™(Y,yo) that converges to yo is sequentially homotopic to {r o fp,}men where
r Y — X is the canonical retraction. Moreover, if X is sequentially n-
connected at yg, then Y is sequentially n-connected at yg.

Proof. The case n = 0 is proved in Lemma Suppose n = 1 and that {f;, }men
is a sequence in Q™(Y, y0) that converges to yg. Since {fi, }men converges to yg
and the retraction r : Y — X is continuous, {r o f,,}men converges to yo. By
Lemma [£.10] we may assume that f,, is in factored form for all m € N. We
will construct a sequential homotopy {fm }men = {7 © fin}men by constructing a
single homotopy H from f =[], .y fm t0 g = | [,,en " © fr- Note that f is in
factored form since each f,, is. Set U; = f~1(A;\{a;}) = Upnen fr’ (A5\{a;}).
Choose a factorization of f, i.e. Whitney covers € of U; such that f(0C) = a;
for all C € €. The continuity of f ensures that {f|c | C € %} clusters at
a;. Therefore, since A; assumed to be sequentially n-connected at a;, there
are maps Hjc : C x I — A;, C € €; such that H;(x,0) = f(x) and
H;c(0C x I uC x {1}) = a; and so that the collection {H;¢c | C € € ;}
clusters at a;.

Define H : I x I — Y to be the constant homotopy on f~!(X) and so that
H|c = Hj ¢ whenever C € 6. Let s, : Y — X v Ay, be the retraction collapsing
Aj, j # k to aj. Notice that s, 0 H : I" x I — X v Ay, is continuous for every
k € N since every neighborhood of aj in X v Ay contains Im(Hj, ¢) for all but
finitely many C € €, . It follows that pyo H : I"™ x I — Y}, is continuous for all
ke N. Since Y = liilk Y:, we conclude that H is continuous. By construction,

m—1 m
m > m+1

H,, = H|k, x1 © Linxr Kk, xi- Now {Hp,}men is a sequential homotopy from
{fm}mEN to {T o fm}meN-

For the second statement, we add the assumption that X is sequentially
n-connected at yo. Now if {f}men € Q7(Y,yo) converges to yo, then by the
first part, {fim}men = {ro fin}men. Since {ro fi, }men is a sequence of n-loops in
X that converges to yo, {r o fm }men must be sequentially null-homotopic. Thus
{fm}men 1s sequentially null-homotopic. O

H is a homotopy from f to g. Therefore, if K,, = [ x I, we let

Corollary 4.12. Letn >2,Y = Adj(X, z;, Aj, a;) where X is path connected
and (A;,a;) is sequentially n-connected for all j € N, and yo € X. Then the
retraction r : Y — X induces an isomorphism vy @ mn (Y, y0) = T (X, yo) for
all0 <m < n.

Definition 4.13. Let Y = Adj(X,z;,A;,a;), yo €Y, and f,g € Q" (Y, yo) be
in factored form. We say that a factorization {%}},en of f and a factorization
{Z;}jen of g are equivalent if for each j € N, there exists bijection k; : €; — %,
such that for all C' € €, flc = glx;(c)-
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Remark 4.14. One should not jump to the tempting conclusion that dis-
tinct n-loops that admit equivalent factored forms in ¥ = Adj(X,z;, A;,q;)
are homotopic in Y. Indeed, the open sets f~'(4;\{a;}) and g7 (4;\{a;})
may have nothing in common and they may each have infinitely many com-
ponents. Such a homotopy is only easy to construct (using Theorem if
AN a;}) = g1 (A;\{a;}) and if this set is an open n-cube. Below, we
will define n-loops enjoying such a simple factored-form to be in “single-factor
form.” It requires a substantial effort to identify cases where we may homotope
an ordinary factored form into single-factor form. To this end, we will use the
next lemmas to carefully maintain control over the size and structure of the
images of the n-loops involved.

Remark 4.15 (Iterated shrinking adjunction spaces). In the next lemma, we
consider iterated shrinking adjunction spaces. In particular, let Y = Adj(X, z;, 4;,a;)
and Z = Adj(Y,yi, B;,b;) be a shrinking adjunction space with core space Y’
(see Figure[10). By adding one-point spaces to {B;}ien (if necessary), we may
assume that T'= {i e N | y; € X} is infinite and T; = {i e N | y; € A;\{a;}} is
infinite for all j € N, that is, there are infinitely many spaces B; attached to X
and each A;. Moreover, we may then add one-point spaces to {A;} ey so that
{a; |jeNy = {y;|ieT)

Define A} = A; v Uz‘eTj B;. We may identify A¥ as the shrinking adjunction
space

A = Adj (Aj, {yitier, {Bitier, {bi}ier,) -

Additionally, we may view X* = X uJ,.r B; as the shrinking adjunction space
X* = Adj (X, {¥ibiers { Bi}ier, {bi}ier) -
Finally, we point out the existence of the decomposition Z = Adj(X*, z;, A;‘, a;).

A7

Figure 10: A shrinking adjunction space Z with core space Y =
Adj(X,z;,A;,a;) and attachment spaces {B;};en.
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Lemma 4.16. Consider Y = Adj(X,z;,A;,a;) and Z = Adj(Y,y;, B;, b;)
and the corresponding shrinking adjunction spaces X* and A;’-‘ as described in
Remark . Let z9 € X. Suppose n = 1 and that (X, z) is sequentially
(n — 1)-connected and (Aj,a;) is sequentially (n — 1)-connected for all j € N.
If f € Q™(Z, 2) is in factored form with respect to Z = Adj(Y,y:, Bi, b;) with
factorization {%;}ien, then there exists a map g € Q™(Z, z9) such that
e f is homotopic to g by a homotopy that is constant on f~1(X*) and which
has image in' Y v Im(f),
o g admits a factorization {Z;}jen with respect to Z = Adj(X™*, z;, Az, a;),
e g admits a factorization {P;}ien with respect to Z = Adj(Y,y;, B;, b;) that
is equivalent to {%;}ien.
Moreover, for every D € 9; with i € T, there exists R € €; such that D C R.

Proof. Recallthat T ={ie N |y; € X} andeach T; = {i e N | y; € A;\{a,}} are
infinite. Since f is in factored form with respect to Z = Adj(Y,y:, Bi,bi),
for each i € N, there a Whitney cover ¢; of V; = f~1(B;\{b;}) such that
FOV\ Uces, int(C)) = bi. In particular, f(0C) = b; for all C € €. Let
U; = ffl(A;’-‘\{aj}) and note that V; € U; whenever ¢ € T;. For each j € N,
choose a Whitney cover %; of U;.

For the moment, fix a pair (j,¢) with ¢ € T;. For every C € %, the interior of
C meets the interior of some R € #; in an open n-cube and so we may choose
n-cube C’ € int(C) n int(R). Let € denote the sub-n-domain {C’ | C € €;} of
;. Making these choices for all ¢ € T}, ensures that given any C € €;, we have
C’ C int(R) for some R € %;.

Define f' € Q"(Z, z) so that f’ agrees with f on f~*(Y U |J,.r Bi) and so
that for each C € €, f/(C\int(C")) = a; and f'|cv = f|c o Ler,c. Intuitively,
[’ is the same as f except that the domain of each of the A;-factors has been
made small enough to fit in some element of Z = | jen #;. In particular f’
is in factored form and the factorization %} is equivalent to ;. Since C' € C
for all C € %;, there exists a cube-shrinking homotopy H : I x [ — Z from f
to f’ as described in Lemma Specifically, H is the constant homotopy on
S7HY U U,er Bi), whenever C € €;, H|cx; : C x I — B; continuously shrinks
the domain of f from C to C’, and if K is the convex hull of C x {0} u C" x {1}
in C x I, then H((C x I)\int(K)) = a;. Hence, Im(H) = Im(f).

Observing the similarities between f and f’, we have U; = (f')~'(A%\{a;}).
Therefore, Z; is a Whitney cover of (f’)’l(A;‘\{aj}) with the property that for
all i € Tj and C' € €/, we have C’ C int(R) for some R € #;. Additionally,

since
7 U B | = U mee) e | int(R),
€Ty i€T; C'eE} ReZ;

it follows that f'(0R) € A, for all R € %;.

Since Aj; is sequentially (n — 1)-connected at a; and f'(0R) € A; for all
R e #Z;, we apply the modification of the construction of the homotopy H from
Lemma that is described in Remark [£:4] In particular, there is a homotopy
H:I"xI— Z from f' to amap g e Q"(Z, z9) such that
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e f’ is homotopic to g by a homotopy constant on (f')~1(X*) = f=1(X*),
e for each R € #Z;, g(0R) = a; and there is a unique n-cube K < int(R)
such that g|x, = (f')|r and g(R\int(Kg)) € A,.

The construction of H is given by considering the retraction (; : Z — AY and
applying the construction in Lemma to ¢; o f' to obtain a homotopy Hj,
which is the constant homotopy on I™\U; and which maps U; x I into A;. In
particular, the recursive steps used to construct H; may all be carried out in A;
since f'(OR) € A; for all R € %, and {f'|r | R € %;} clusters at a;. Take H to
be the constant homotopy on (f')~'(X*) and H(x,t) = H;(x,t) when x € Uj.
If s; : Z — X* v A} is the canonical retraction, then sjo H : I" x I — X* v A¥
is continuous for all j. Hence, by viewing Z as the shrinking adjunction space
Z = Adj(X*, z;, A%, a;), it follows that H is continuous.

The composition homotopy f ~ f’ ~ g has image in Y u Im(f). The sets
{#;}jen form a factorization of g with respect to Z = Adj(X*, x;, A¥,a;). By
the second bullet point in the description of g, for each C’, there is a unique
n-cube C” € Kpr € int(R) such that g|cv = (f')|cr = flo. The n-domain
2; = {C" | ¢} forms a factorization of g that is equivalent to the original
factorization {%;}ien of f. O

Perhaps the most important thing to notice about Lemma is that no
assumptions need to be made about the attachment spaces B;. Indeed, the
argument uses the assumed factorization of f without calling upon the spaces
B; in any other way. The next lemma is a strengthened version of Lemma [4.16)
for the case when Y is a shrinking wedge. No assumptions on the spaces B; are
required for this lemma either.

Lemma 4.17. Let X = {2z} and (A;j,a;) be sequentially (n — 1)-connected for
all j e N. Let Y = VjeN(Aj,aj) be the shrinking wedge with basepoint zy and
consider the shrinking adjunction space Z = Adj(Y,y;, B;,b;). Define subspaces
X* = VieTBi and A} of Z as in Remark . If f € Q™(Z, 2) is in factored
form with respect to Z = Adj(Y,y;, B;,b;) (with factorization {€;}ien), then f
is homotopic to an infinite concatenation | [,cp hi - [1;ey 95 such that

° fO?" all i € T, hz € Qn(BZ7 bz)

e forall jeN, g; € Q(A¥, a;) is in factored form in

AY = Adj(Aj, {yitier; s { Bitier; {bi}ier;)

with a factorization equivalent to the factorization {€;}ier, of 150 f €
Q(AF, a;).
Moreover, we may choose the homotopy f ~ [ [,cp hi'HjeN g; to be constant on
f~1(20) and to have image in' Y U Im(f).

Proof. Lemma gives a map g € Q"(Z, z9) such that
(1) f is homotopic to g by a homotopy that is constant on f~(X*) and with
image in Y u Im(f),
(2) g admits a factorization {%;}jen with respect to Z = Adj(X*, z;, AY, a;),
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(3) g admits a factorization {Z;},eny with respect to Z = Adj(Y,y:, Bi, b;)
that is equivalent to {%}ien.

In particular, Condition 2. gives:

(i) glp € By, z0) whenever ¢ € T and D € Z;,

(i) glr € (A}, a;) for all R € %,

(iti) if & = Uier Zi v Ujen %, then g(I"\U ) = 2o
In other words, g = [[ges 9ls. The final statement in Lemma[4.16]ensures that

() whenever i € Tj and D € %;, we have D € R for some R € %;.
Since ¢ is an .-concatenation, we apply an infinite shuffle (Theorem to
collect all g|g, S € %;, i € T} into a single n-loop h; and all gg, S € #; into
a single n-loop g;. We choose a rearrangement so that f =~ |[,. h; - HjeN g;
as in the statement of the lemma. Shuffle homotopies have image within the
n-loop to which they are applied. In this case, the shuffle will only rearrange
the n-domains 2;, i € T; and #;. Therefore, observation (*) ensures that there
exists a factorization for [ [, hi- ]_[jeN g; with respect to Z = Adj(Y, y;, B;, bi)
that is equivalent to the factorization {%;};en of f. O

Remark 4.18. Recall that since the sequentially (n — 1)-connected property is
preserved by shrinking wedges of based spaces, whenever we assume attachment
spaces (B;,b;) are sequentially (n — 1)-connected, we may replace all spaces
attached at a fixed point y € Y with the finite or infinite shrinking wedge
U{Bi | b; = y}. Hence, we may assume that 7 — b; is injective. Applying this
assumption to Lemma |4.17 would leave at most one space B; attached at the
wedgepoint zg. Assuming B is a sole attachment space at zg, the conclusion of
the lemma becomes f =~ hy - [ ],y g; for a map hy € Q"(By,b1).

Recalling Remark [£.14] it is desirable to have a version of factored form with
a single-factor in each attachment space.

Definition 4.19. Let Y = Adj(X,z;,A4,,a;) and yo € X. We say that f €

Q" (Y, yo) is in single-factor form with respect to the decomposition Adj(X, x;, A;, a;)
if there exists a factorization {€} en of f such that each %} contains at most
one n-cube.

Note that a map f is in single-factor form if and only if there exists J € N
and n-domain #Z = {R; | j € J} such that f(I"\|J#) € X and such that
f(R]) < Aj, f(aRJ) = a; for all j € J.

Lemma 4.20. Let Y = Adj(X,z;,A;,a;) and yo € X. If f € Q"(Y,yo) is
in single-factor form with factorization Z = {R; | j € N} and f|r; is null-
homotopic in A; for all j € N, then f is homotopic rel. 0I™ toro f e Q™(X,yo)

Proof. For each j € N, choose a null-homotopy H; : R; xI — A; with H;(x,0) =
flr,(x) and H;(0I" x I U I x {1}) = a;. Define a homotopy H : I" x [ =Y
to be constant homotopy on f~(X) and so that H(x,t) = Hj(x,t) whenever
x € R;. Each projection pyo H : I"" x I — Y}, is continuous by the usual Pasting
Lemma and so H is continuous. By construction, H is a homotopy from f to
ro f. U
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Suppose an n-loop finY = Adj(X,z;, A;,a;) admits a factorization {€ } jen
where each ¢ consists of two n-cubes R;,S;. Unless the core X consists of a
single point, there may be no obvious way to perform a n-cube shuffle or some
other kind of continuous deformation that merges each R; and S; into a single
n-cube with the goal of arrivirrlg at single-factored form. Even when X consists
of a single point (so that Y = \/yA4;) we must have Theoremm at our disposal.
We focus on this important case in the next section.

4.3 Homotopy groups of shrinking wedges

Recall that a shrinking wedge v jeNAj of based spaces is a shrinking adjunction
space where X = {by} is a single point space. We treat this special case first
since (1) our approach improves the best-known results and (2) since infinite n-
loop factorization in shrinking wedges will be required in the following sections.
The next two corollaries are direct applications of Lemma [4.9)and Theorem 4.11
respectively.

Corollary 4.21. Let n > 1, (Aj,a;) be sequentially (n — 1)-connected for all
jeN and Y = \/jeNAJ' with wedge point yo. FEvery map f € Q™(Y,yo) is
homotopic to a map g € Q™(Y,yo) that is in factored form by a homotopy that
is constant on f~1(yo) and which as image in |J{A; | Im(f) n A; # &}.

Corollary 4.22. If n > 0 and {(Aj,a;) | j € J} is a countable collection of

sequentially n-connected based spaces, then \/
at the wedge point.

jeNAj is sequentially n-connected

To prove the next lemma, apply an infinitary n-cube shuffle (Theorem [2.6)
to the map ¢ in Corollary Specifically, if € is a factorization of g, then
we shuffle the cubes C' € € for which g|lc € Q(A;,q;) to a disjoint family of
=1

J i+t
infinite concatenation ]_[jeN g; where g; is an n-loop in A; based at a; = yo.
Such a map [] jen Y 1s single-factor form with respect to the decomposition
Y = Adj({yo}, {vo}jen, 4j,a;). Recall that a shuffle homotopy applied to a

¢ -concatenation g = [ [ gc has image within Im(g).

n-cubes in [ ] x I"1. Doing so gives a homotopy from ¢ to a true

Lemma 4.23. Suppose n > 1, the spaces A;, j € N are sequentially (n — 1)-

connected at a; € Aj, and let Y = VjeNAj with wedge point by. FEvery n-loop
f e Q"(Y,bo) is homotopic to an infinite concatenation |[..yg; where g; €
Q" (Aj,a;) by a homotopy with image in | J{A; | Im(f) nA; # &}. Moreover, if
f was already in factored form, then the homotopy may be chosen to have image

in Im(f).

Remark 4.24. Although we do not make use of them in the current paper,
there are applications of Lemma and Corollary [£.7] that apply the same
argument used in the proof of Theorem For example: Suppose n > 2

~

and Y = \/jeN(Aj,aj) where A; is n-tame at a;. Then for every map f €
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Q™(Y,yo0), there exists a map g € Q"(Y,yo) and connected, open n-manifolds
Mj,la Mj72, ceey Mj,kj = (0, 1)”, _] € N such that

e f is homotopic rel. dI™ to g,

e the collection {M;; | j € N,1 < i < k;} is pairwise-disjoint,

e M;; is a finite union of n-cubes for all je N, 1 <i < kj,
g(Uizl M;,;) € Aj for all j €N,
g(I™\ UjeN Ufil M;;) = yo.
Moreover, this homotopy may be chosen to be the constant homotopy on f~*(yo)
and to have image in | J{4; | Im(f) n 4; # &}.

At this point, we can generalize the main result in [I2]. We remind the
reader that the utility of this generalization is the fact that, unlike the local
contractability conditions imposed on the spaces A; in [12], the sequentially
(n — 1)-connected property is closed under many more constructions (Recall

Section .

Theorem 4.25. Letn > 2 and ¥ = VjeNAj be the shrinking wedge of a
sequence (Aj,a;), j € N of based spaces. Then the canonical homomorphism

¢:7rn(Y,b0) _’Hﬂ'n(Aj’aj)a (b([f]) = ([7“1Of],[TQOf],[?“g,Of],...)

jeN

is a split epimorphism. Moreover, if (A;,a;) is sequentially (n — 1)-connected
for all j € N, then ¢ is an isomorphism.

Proof. The first statement is a special case of Theorem [3.12} however, this result
was is also proved in [20, Theorem 2.1] and [4, Lemma 5.3]. Suppose (4;, a;) is
sequentially (n— 1)-connected for all j € N and f € Q"(Y, by) is a map such that
r; o f is null-homotopic for all j € N. By Lemma we have f ~ ]_[jeN gj
where g; € 2"(A;,a;). Since g; ~ r; 0 g ~ r; o f is null-homotopic, we may
choose a null-homotopy H; : I x I — A; of g;, i.e. with H;(x,0) = g;(x) and
H;(0I" x I v I" x {1}) = a;. The infinite horizontal concatenation | [,y H;
now gives a null-homotopy of || jen 95- We conclude that f is null-homotopic in
Y. This proves the injectivity of ¢. O

When all but finitely many A; are one-point spaces, Corollary [.22] and
Theorem [4.25 apply to finite wedges of based spaces. Since any compact subset
of an infinite wedge \/ jeN A; with the weak topology lies in a finite sub-wedge,
we have the following corollary.

Corollary 4.26. If n > 2 and the based spaces (Aj,a;), j € N are sequentially
(n — 1)-connected, then \/ oy A; is sequentially (n — 1)-connected at the wedge

point by and m, (\/jEN Aj, bo) = @D ey (45, a5).

Example 4.27. All of the cases proved in [10] are included in Corollary
Two important examples (where n > 2) are the following:
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(1) when Aj; = S™ for all j € N, i.e. Y is the n-dimensional Hawaiian earring,
we have
T (Hy) = Hﬂ'n(S") ~ zZN.

jeN

(2) when A; = CH,, forall j e N, 7, (V jeNCHn) = ], ™ (CHL,) is trivial
(recall 2.25)). We note that the authors of [12] cannot include this example
directly in their main result because CH,, does not meet the required local
contractability condition. Rather they call upon singular homology and
the Hurewicz theorem. In contrast, our approach follows directly from our
use of sequentially (n — 1)-connected spaces.

Example 4.28. If {(A;,a;)};en is a sequence of sequentially (n — 1)-connected
and ,,-residual based spaces, then \/ jeNAj is m,-residual at the wedge point xg.

Indeed, if { fx }ren is a sequence of null-homotopic n-loops in Q”(VjeNAj, xg), wWe

may find j; < jo < j3 < --- such that {ji} — o0 and Im(fx) S Vj;jkAj' Ap-
plying Lemmas and we see that each f;, contracts by a null-homotopy
Hj, with image in \/ > jkAJ" Since {Hp}ren converges to xg, we can conclude
that {fx}ren is sequentially null-homotopic. Hence, H,, is m,-residual. More-
over, combined with Corollary this observation shows that the property
conjoined property “sequentially (n — 1)-connected and m,-residual” of based
spaces is closed under forming shrinking wedges.

Generalized universal coverings of shrinking adjunction spaces will generally
be indeterminate adjunction spaces with uncountably many attachment spaces.
In the next example, we analyze a situation motivated by this phenomenon.

Example 4.29 (An intermediate wedge of cones). Consider the cone CH,,
where the basepoint x is the image of (bg,0) in CH,,. For each j € N, let B; be
a copy of H,, and A; = C'B; with basepoint a; = z9 € B;. We give the wedge
Y = V,en(4),a;) (with wedgepoint by) a topology that lies strictly between
the weak topology and inverse limit topology. If V' € C'H,,, then we write V; to
denote the corresponding subset of A;. A set U € Y is open if and only if

(1) Un Ajis open in A; for all j,

(2) if by € U, then there exists an open neighborhood V of z in CH,, such

that J,en Vs € U.

If A; = CH, has the metric induced from an embedding in R,;2, then the
topology of Y is induced by the quotient metric inherited from the metric spaces
{A;}jen. It is in this sense that all of the attached cones are “of the same size.”
This topology is coarse enough that a compact subset K € Y can meet A;\{qa;}
for infinitely many j. For instance, let u;, : S™ — B; be the inclusion into
the k-th sphere and define f : (H,,by) — (Y,bo) by fol; = p;;. Now fol/;
is null-homotopic in Y for all j € N since it may be contracted in the cone A;.
However, the image of a pointed null-homotopy H of f can only meet the vertex
vj of A; for finitely many j, say j € {1,2,...,k}. There is a canonical retraction
R :Y\{vi,ve,...,v05} = Z where Z, = I u Uj<k Aju szk Bj. Thus, Ro H
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is a null-homotopy of Ro f in Z;. However, R o f is not null-homotopic since,
for all j, the j-th sphere of B; is a retract of Zj. This contradiction proves that
Y is not m,-residual at by.

Although, it follows from our last observation that m, (Y, bo) = lim, 7, (Z}, bo),
further analysis is required to obtain a canonical characterization of 7, (Y, bg)
that one might consider a “computation.” We give a brief exposition of this
argument and leave the details as an exercise. Let B;; = H, denote the i-th
sphere of B;. If f € Q"(Z,by), then using the compactness of Im(f), there
exists an unbounded, non-decreasing sequence s := my < Mpy1 < Mp4o < Iin N
and an n-loop g such that f ~ g and

Im(g) s Wis = (4,0 U B

j<k jzkizm;

The space Wy, s is homeomorphic to the sequentially (n — 1)-connected shrink-
ing wedge \/j<k CH,, v ijan and therefore, m,(Wgs,bo) = m,(H,)" =
ZN*N ~ 7N is isomorphic to the Baer-Specker group. By defining a natural
direct ordering on the set of pairs (k,s) as described above, it follows that
(Y, b)) = li_r)n(hs) Tn (Wi s, b0). Hence, m,(Y,bo) is isomorphic to a direct
limit of copies of the Baer-Specker group. In particular, every finitely generated
subgroup of 7, (Y, bg) is free abelian.

5 Shrinking adjunction spaces with dendrite core

The goal of this section is to prove an analogue of Lemma for shrinking
adjunction spaces Y = Adj(X,z;,A4;,a;) = lim Y} where X is a dendrite.
Specifically we will seek to show that any n-loop is homotopic to another that is
in single-factor form. Since generalized covering spaces of shrinking adjunction
spaces will generally be indeterminate adjunction spaces, we must pay close
attention to the size the homotopies we construct. In the end, we will show that
if f is already in factored form, then the homotopy to single-factored form may
be constructed within X u Im(f). The technical results from Section will
be applied recursively to achieve this.

As before, the maps py : Y — Yy, r; : Y —» A;, and 7 : Y — X will denote
the canonical retractions. As noted in Example dendrites are sequentially
(n — 1)-connected at all of their points. Therefore, by Theorem Y is
sequentially (n—1)-connected at all points. Therefore, we may apply the results
of Section [£:2] to any shrinking adjunction space of this form. In particular, if
K is a compact, connected subspace of X, then K is a dendrite and K u | {4, |
z; € K} is a shrinking adjunction space with dendrite core. Hence, we may
apply the results of Section to subspaces of this form as well.

5.1 Homotopy factorization for an arc core

In this section, we assume X = [0, 1]. We briefly recall the notation established
in Remark Let {z;} be a sequence of distinct points in X, and A; be
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a Peano continuum that is sequentially (n — 1)-connected at a; € A;. Set
Y = Adj([0,1],z;,A4;,a;). Let {y;}ien be a sequence of distinct points in Y
and {(B;, b;)}ien be any sequence of based spaces. Set Z = Adj(Y,y:, Bi, b;).
Recall that 7' = {t e N | y; € [0,1]} and T; = {i € N | y; € A;\{q;}}. We
also reuse the following notation established in Section for the respective
subspaces of Z.

° A;‘.‘ = Adj (Aj, {yi}tier; A Bi}ier; {bi}ieTj) is the shrinking adjunction space
with core A; and attachment spaces B; i € T;. Note that there is no B;
attached to a; in A¥.

o X* = Adj([0,1], {v:i}ier, {Bi}ier, {bi}ier) has arc core [0,1] with at-
tached spaces B;, i € T.

Remark 5.1 (Simplifying the structure of Z). By adding one-point spaces to
the sequences {A;} and {B;}, if necessary, we may assume that

e T and each T} are infinite,

o {y;|i€eTj}is dense in A;,

o {y;|ieT}={x;|jeN}isdense in [0,1] and contains {0, 1}.
Moreover, let I = {2i n e N1 <k < 2" — 1} denote the set of dyadic
rationals in (0,1). Since {z; | j € N} is a countable dense set in I containing
0 and 1, there is an order-preserving bijection ¢ : {z; | j € N} —» {0,1} u Z
where both domain and codomain are considered as suborders of I. Since I is
the metric completion of both subsets, this bijection extends continuously to a
homeomorphism I — I. Therefore, without changing the homeomorphism type
of Y or Z, we may assume that v1 = 0, 2o = 1, and {z; | j = 3} = 2. Since
reordering the set {z; | j € N} does not change the homeomorphism type of Y,
we may assume that {z;},;>3 enumerates & in the standard pattern:

x3 =1/2, 24 =1/4, x5 = 3/4, 26 = 1/8, x7 = 3/8, ...

For convenience, we change the indices of our attachment spaces to match the
ordering of #. For each dyadic rational d € Z u {0, 1}, we have d = z; = y; for
unique j and i. We write:

o A, for Aj when d = x;,

o A% for A;‘ when d = z;,

e B, for B; when d = y;.
In summary, Z may be regarded as the shrinking adjunction space with core
[0,1] and where at each d € Z U {0,1}, there are two spaces attached: the
attachment space Bg and the shrinking adjunction space A} (with core A4 and
attachment spaces B;, y; € Ag).

For s,t € I with s # ¢, let Aj54 : [0,1] — [0, 1] denote the linear path from
s tot. When s < t, we let
Vs, t] = [s,t] U |J{Aaq | d€ (s,t) n D},
Z[s,t] = [s,t] W U{As v Ba | d € (s,t) n Z}.
each with the subspace topology inherited from Z. Note that Y[0,1] = (Y\(Apu
A1) v {0,1} and Z[0,1] = Z\(Af U By u AT U B;) U {0,1} are precisely the
spaces Y and Z with the attachment spaces at the endpoints 0 and 1 removed.
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Similarly, Y[s,t] and Z[s,t] include [s,t] and all corresponding attachment
spaces attached at points in (s, t).

Remark 5.2. The space )[s,t] is the shrinking adjunction space with core
[s,t] and attachment spaces A4, d € (s,t). The space Z[s,t] has many relevant
shrinking adjunction space decompositions. However, we focus on the decom-
position with core space )[s,t] and attachment spaces B;, b; € Y[s,t] (recall
that infinitely many B; are attached to each A;\{a;}). The importance of this
choice is that for each u € Z n (s,t), the core space YV[s,t] has a decomposition
as a finite wedge Y[s,u] v A, v Y[u,t] and so Lemma [£.17] applies.

Local Terminology 5.3. In what follows, we will use the abbreviated term
factored form to mean that an n-loop f € Q"(Z,t) based at t € [0,1] is in
factored form with respect to the decomposition Z = Adj(Y,y;, B;, b;). We will
often apply this abbreviated terminology to n-loops that have image in proper
subspaces of Z such as Z[u,v].

We begin by dealing with the endpoints 0 and 1 separately.

Lemma 5.4. Suppose f € Q"(Z,0) is in factored form. Then f € Q"(Z,0) is
homotopic rel. 0I™ to a product

(ao . 50) : ()\[0,1/2] * 91/2) . ()\[0,1] * (041 '51))

where oy € Q" (By,t), By € Q"(Af,t) for t € {0,1}, and g1/o € Q"(Z]0,1],1/2).
Moreover, we may choose gy, to be in factored form and we may choose the
homotopy to have image in 'Y L Im(f).

Proof. First, we view Z as the attachment space with finite wedge core Y =
Ap v ((Y\Ap) U {0}) and attachment spaces {B;};cn. Note that By is the only
space attached at the wedgepoint 0. By Lemma [£.17] f is homotopic to a map
ag -+ Bo - ko (by a homotopy in Y u Im(f)) where

o g € (AF,0) is in factored form,

b BO € Q(Bo,O),

o koe Q*(Z[0,1] u AT U B1,0) is in factored form.

The path conjugate A[1 o) * ko € Q"(Z2[0,1] U AT U By, 1) is based at 1 and is in
factored form.

Next, we view Z[0, 1] u A¥ U By as the shrinking adjunction space with core
Y[0,1] v A; and attachment spaces B;, b; € Y[0,1] v A;. Applying Lemmam
to A1,0) * ko gives A\r1g) # ko ~ a1 - B1 - k1 (by a homotopy in Y u Im(ko) <
Y A Im(f)) where

e a; € Q(A¥,1) is in factored form,

o 81 €Q(B1,1),

o k€ Q*(Z]0,1],1) is in factored form.

Finally, the path-conjugate g1/2 = A[1/2,1] * k1 is an n-loop in Z[0,1] that is in
factored form. Every homotopy in the following composition has image in Y u
Im(f), including all commuting homotopies and path-conjugate cancellations
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involved. Therefore, the composition itself has image in Y u Im(f).

[ = a0 Bo-ko

ao - fPo- ()\[01 (a1 B1 k1))

ag - Bo - ( # k) - (>\[0 1] # (a1 - p1))

ao - Bo- (Ao, * (Ap,1/21 # 9172)) - (Apo,17 * (a1 - B1))
= (Oéo '50) ()\[0,1/2 * 91/2) : (/\[0,1] * (041 '51))-

12

10

0

O

In the next lemma we begin with a factored form n-loop gy, € Q(2[0,1],1/2)
(as obtained from Lemma and factor this map “at 1/2” in a way that will
support recursive application.

Lemma 5.5. Suppose s < u < v < w < t are dyadic rationals in [0,1] and
gv € Q"(Z][s,t],v) is in factored form. Then g, is homotopic rel. OI™ to a
concatenation

()\[v u] * gu) “Qy Py ()\[u,w] * gw)
where v, € Q" (A%,v), By € Q" (By,v), gu € Q"(Z][s,v],u), and g, € Q" (Z][v, ],
Moreover, we may choose gy, g, to be in factored form and we may choose the
homotopy to have image in Y[s,t] v Im(g,).

Proof. View Z[s,t] as the shrinking adjunction space with finite wedge core
Y[s,t] = Y[s,v]vA,vY[v,t] and attachment spaces B;, b; € V[s,t]. By Lemma
4.17 g, is homotopic in YV[s,t] U Im(g,) to a concatenation g, .1 - @ - Bv - g[v,g
where

e a, € Q(A* v) is in factored form,

e 3, € Q(By,,v),

® g[s0] € 2"(Z[s,v],v) is in factored form,

® gy € V" (Z[v,t],v) is in factored form.
The path-conjugates g, = Ap,o] * gls,0] a0d G = A[w,v] * Gv,s also are in
factored form. Since the paths A, ] and Ap,, ] have image in [s, ], the canonical
homotopy

ls,v] " O~ ﬂv “9Mu,t] = ()‘[vu] * gu) Tyt /B'U . ()\[v,w] * gw)
also has image in Y[s,t] u Im(g,). O

Since we plan to recursively apply Lemma [4.15} it will be helpful to have a
notational mechanism for referring to the domains of n-loops in the construction.
First, let D[0,1] = I"™. Suppose D[s,t] is defined where s,t are dyadic rationals
inI. Let s <u < v < w <t be a partition of [s,t] is into four segments of equal
length. Certainly, u,v,w are dyadic rationals. We define four n-cubes within
DJs, t] as follows.

Although the four cubes to be defined do not depend on the map g, itself,
the definition is entirely determined by the structure of the concatenation

(/\[v,u] * Gu) -y By - (/\[u,w] * Gu)-
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Indeed, if we regard this concatenation as a map with domain D[s,¢], then
we will take D[s,v], Ry, Sy, D[v,t] to be the n-cubes in D[s,t] which are the
respective domains of gy, ., By, gw (See Figure . Formally, these are defined
as follows:

® D[s,v] = Lin psy © LI”,[0,1/4]><I”—1([1/3’2/3]n)a

e R, = L ppsy([1/4,1/2] x =1,

e S, = L17L7D[S7t]([1/2,3/4] X I"_l),

L] D[’U,If] = LI",D[s,t] o Lln7[1/471]><1n—1([1/3’ 2/3]”)
Note that diam(D[s,v]) = diam(Dlv,t]) < 2diam(D[s, ]).

\ ! \ !
/

\ /\[v,u] , \ /l[v,w] h
\ / v /
\ | \ /

/ \

_+ Ryvg
Qy Bv

Figure 11: A 2-cube DJs,t], which represents the domain of a map g, €

Q"(Z[s,t],v) where v = =, The domains of the maps gy, y, By, gw shown

within are D[s,v], Ry, Sy, D[v, t] respectively.

For every pe Nand 1 < j < 2P~ let I(p, j) = [, 52+ ]. Note that I(p, j)
is subdivided into two segments of equal length by I(p+1,25 — 1) ul(p+1,2j).
Recall that D[0,1] = I". Given 1 < j < 2P~! and n-cube D[4, :47] in I™,

we consider the four pre-determined n-cubes contained within:

j—1 25-1 ‘ ‘ 27—-1 4
D[Qp—l’ op ]’RZQT’SZQT’D[ or ’ 9p-1

From this recursive definition, we obtain unique n-cubes R,, S, for eaqh dyadic
rational v € 2 and an n-cube D[Qp T, 57=r] for each interval [231, i1 si=r]. The
n-cubes R,,S,, v € Z are not nested and together form an n- domaln Z ={R, |

veE P} u{S,|ve Z}. On the other hand, cubes of the form D[Qp T, =] are

nested according to inclusion: D[Qp v, 5ier] € D[#=r, 5=7] is proper if and
only if p > g and [£=F, 5iir] S [, oo ]. Moreover, whenever 1 < j < 2P71,
we have diam (D[z;,%ll, 21];]) < % = 27)@

Let 1
_ J— J . -1
gp_{DI:2p172p1:|‘1<]<2p }
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so that C), = (%, is a disjoint union 2P~!-many n-cubes of diameter at most
2},@1‘ Since

Ci2Cy;2C32

where the diameters of the n-cubes in C}, approach zero, it must be the case that
the intersection C' = ﬂpeN = (pen Int(Cp) is totally disconnected. Moreover,
it is easy to see that C'is perfect and therefore homeomorphic to a Cantor set.
Recall that this is precisely the set-up from Remark for constructing an
infinite vertical concatenations of homotopies.

Lemma 5.6. Suppose g/, € Q"(Z[0,1],1/2) is in factored form. Then g,y is
homotopic in Y[0,1] U Im(gy/3) to a map ho, € Q*(Z[0,1],1/2) such that
o hy, is in factored form,
o hy, is in single-factor form with the decomposition of Z as the shrinking
adjunction space with core [0,1] and attachment spaces Bq, A%, d€ 2.

Remark 5.7. To clarify the statement of Lemma we take a moment to
describe the conclusion to be proved; it asserts that there is an n-domain % =
{Rq e 2} u{Sq|de P} such that

e for each d € 9, hy|r, € V" (Byg, ba),

o for each d € 2, hy|s, € Q" (A}, d) is in factored form (with respect to the

B; attached to A}),

o hip (I (U e int(Ra) L int(S)) < [0, 1]

Proof of Lemma[5.6. Recall the definition of the n-cubes D[Z-%, 1], Royos,

2p—1> 2p op—1
Sz, 1 for each pe N, 1 < j <2771, Set hy = g15 € Q"(Z]0,1],1/2). We apply
Lemma recursively startmg with v = 1/2 and u = 1/4, w = 3/4. For this
first step, we have h; ~ hy where

ho = (>\[1/2,1/4] * 91/4) T2 '/31/2 : (/\[1/2,3/4] * 93/4)

where oy € Q" (A e 1/2) and By € Q"(B1/2,1/2), 9174 € Q"(2[0,1/2],1/4),
and g3y € Q" (Z [1/27 1],3/4). If H; is the homotopy from hy to hg, then we
may assume that Im(H1) € V[s,t] U Im(gy/2).

Suppose that the map h, € Q"(Z][0,1],1/2) has been dcﬁned so that, for

all 1 < j <2P71 if we let 9211 be the restriction of h), to D[zp T 21,4 511, then

921 1s an n- loop in Z[2p = L] based at the midpoint 22=% and which is in

Qp
factored form.

We construct hy,11 and the homotopy H, from hy to hp+1 as follows: Define
hp+1 to agree with hy on I"\U{mt [2,, =) | 1 < j < 2P71}. For each

1<j <207 we apply Lemma to 921 to obtain a homotopy H) ;

J—1 ] Jj—1
D=, 5i=t] x I = Z[45=1, 55 —L+] from 921 to a concatenation

Pp’j = ()\[ j—1 4j—3]

2p—172p+1

*9457;?)-&2;‘—1 -ﬁfzj—l (A[Q ﬂ] *g4j—1)

2P 2P 2p—15pF1 opF1

viewed as an n-loop with domain D[£=r, 5:47] and where
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2j—1
® (x2j—1 € Qn(Aﬂ;j,l, j2p ),
2P 2P
2j—1
° i1 € Q"(Bzj-1, =L
ﬂ% ( 2L, gp )7 s
n J—1 2j-17 4j—
d ggi)_H €N (Z[Qp—la oD ]7 2p+1))
2j—1 J 45—1
L4 9417;1 EQ"(Z[ 2P ) 9p— 1]7 2p+1)
2
Moreover, since f is in factored form, then we may choose 9siza, g a1 to
p+1 2p+1

be in factored form and we may choose the homotopy H) ; to have image in

3)[2],, 11 5 2pj 1] v Im (gzj—1>

Now, we define the restriction of h,41 to D[Qp T 5ie sikr] to agree with T, ;.
We take the homotopy H, from h, to hpy1 to be the constant homotopy on
I\ | J{int( [2,, T 5i=T]) | 1 < j < 2°71} and, for each 1 < j £ 2P7! to
agree with Hy ; on D[&= L 2,,- 52— ] x I. By the standard Pasting Lemma, H, is
continuous. Note that thls definition ensures that

(+) Hy(DI4k, yie] x 1) € 2[4k, yir] for all ¢ > p

To define the infinite vertical concatenation of the homotopies {H,}pen, we first
define the limit map h,, € Q"(Z[0,1],1/2). For each x € I™\C, let h,(x)
be the limit of the eventually constant sequence {h,(x)}pen. In particular h..
agrees with hy, on I"\C,. If x € C, then for each p € N, there is a unique

1 < iy < 2771 such that x € K, = D[2=1,52:]. By construction, these
intervals I, [2’2 }, 25) ] are nested as Iy 2 I 2 I3 2 --- and there is a

unique real number tx € I such that [,y I, = {tx}. We define i, (x) = tx.
The binary decimal representation of any ¢ € I shows that ¢ is the intersection
of such a sequence {I,}pen (this sequence is unique if ¢t € I\Z and there are two
if t € 2). Since Z[0, 1] only has spaces attached at dyadic rationals, our choice
of definition of the spaces Z[s,t] to not include the attachment spaces at the
endpoints s,t also ensures that

Nz i) =

peN

In this way, ho. maps C' onto I in the same manner that the classical Ternary
Cantor function maps the Ternary Cantor set onto I.

Since Z[zp T, 57 is closed in Z[0, 1], it follows from («) that h.. (D[g;—_ll, 21,]—_1

244, sl forallpeNand 1 < j < 2P L
We check the four conditions for the Contlnuity of h,, and the infinite vertical
concatenation H,, as stated in Remark
(1) By construction, H,, is constant on I™\int(Cp),
(2) By construction, if x € I"\C, then h,,(x) is be the eventual value of the
limit of the eventually constant sequence {h,(x)}pen-
(3) We check that hy|c : C — I is continuous. Let U be an open neigh-

borhood of hy(x) = tx and recall that we have x € (1 oy int(X,) for

K, = D[ZQIZ }72;) oradh p € N. Since ﬂpeN
1

such that I, = [2p r, 21] € U. As we have already observed, hqy,(K,) S
Z[2=1, 72:]. Thus x € int(K,) and h,(C nint(K,)) € I, < U.

op 1)2;0 1

= {tx}, we may find p € N
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(4) Suppose {x,} — x where x, € C,. Since x € C, we have h,(x) = tx
as before. Let U be an open neighborhood of tx in Z[0,1]. We check
that H,({x,} x I) € U for all but finitely many p. Suppose to obtain a
contradiction that there are natural numbers p; < ps < p3 <--- ands; € [
such that Hp(xp,,s;) ¢ U. For each i € N, we have x,, € D[jé';il, 2PZ11]
for some 1 < j; < 2771 and {tx} = Nien[%r, 52 ]. Find dp € N such

2Pi 7 Qp;—1

that [2e=1, 9] € U n I. Since Hy, (D[, 5ir]) € 2[4, 5],
the points Hp,(x,,,si), ¢ = i must lie an attachment space, that is,
there exists a dyadic rational d; € [2];;11 , 25—11] such that H,, (xp,,s;) €
(A7, v Bg,)\{di}. Then {d;}ien — tx. However, Z[0,1] has shrinking
adjunction decomposition with core [0, 1] and attachment spaces A% v By,
d € 9. Therefore, by Lemma we must have (A} U By,) € U for all
but finitely many ¢ > ig; a contradiction.

For every d € 2, we have hy|r, = aq € Q"(A%,d) and hy|s, = B4 €
Q" (Bg,d). Moreover h, (I"\ (Jzeq int(Raq) v int(Sg))) < [0,1]. Since h
agrees with hj, on Sy and h,, is in factored form, we conclude that h..

Finally, each map h, and homotopy H, was constructed so that Im(h,) €
Im(H,) €Y ulm(gi/2). When x ¢ C, hy(x) € ey hp(I™\Cp) and h (C) =
[0,1]. Hence, Im(hy) S [0,1] U (JyenyIm(hy) € Y U Im(gy2). This gives the
bound Im(H) = Im(he) U |, on Im(Hp) S Y U Im(gy2). O

peN

The next theorem is the combination of Lemmas [5.4] and [5.6] and should be
considered the main result of this section. Although we allow A;’-‘ to maintain
its established meaning, we release all other fixed notation in order to state the
most general version of this result.

Theorem 5.8. Let Y = Adj([0,1],z,,A4;,a;) where each (Aj,a;) is sequen-
tially (n — 1)-connected, Z = Adj(Y,y;, Bi, bi), and zp € [0,1]. If f € Q™(Z, z)
is in factored form, then f is homotopic in' Y u Im(f) to a map g € Q" (Z, 2o)
such that
e g is in factored form with respect to the decomposition Z = Adj(Y,y;, B, b;),
e g is in single-factor form with respect to the decomposition of Z with core
[0,1] and attachment spaces B;, y; € [0, 1] and A¥, jeN

Proof. By performing the reduction at the beginning of the section, we may
assume that Z has the form as described in Remark [£:3]and we may employ the
relevant established notation. Since f is in factored form Apg .1 * f € 2"(Z,0).
Together, Lemmas and show that Apg ., * f is homotopic to a map
h € Q"(Z,0), which satisfies the two conditions in the statement of the lemma.
Moreover if H is the homotopy from Apg ..1*f to h, then we may choose H so that
Im(H) €Y ulm(A[g,z) * f) = Y ulm(f). The path-conjugate g = A, o1 #h €
Q™(Z, zp) also satisfies the two conditions in the statement and the homotopy
H extends to a homotopy A[z,0] * (A[0,2] * f) =~ ¢ with image in Im(H) v
[0,1] €Y uIm(f). Finally, the homotopy f =~ A[., 0] * (A[o,z] * f) excising the
path-conjugates has image in [0,1] U Im(f). The vertical composition of these
homotopies gives the desired homotopy f ~ g. O
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The above results assume that f is already in factored form. We must assume
the attachments spaces (B;,b;) are sequentially (n — 1)-connected ensures that
any n-loop in Z can be homotoped to such a form. In the next corollary, we
consider the case from above where each space A; is a one-point space.

Corollary 5.9. Let Y = Adj([0,1],y;, B;, b;) where each (B;,b;) is sequentially
(n — 1)-connected and let yo € [0,1]. Every n-loop f € Q™(Y,yo) is homotopic
rel. 0I™ to an n-loop g that is in single-factor form. Moreover, the canonical
homomorphism ¢ : 7, (Y, y0) = [ Lien n(Bi, bi) is an isomorphism.

Proof. By Lemma we may assume that f is in factored form. By Theorem
f is homotopic to a map g in single-factor form. For the second statement,
recall that ¢ is surjective by Theorem Suppose [g] € m.(Y,yo) where
o([g]) = ([ri © g])jen is trivial where r; : ¥ — B; is the canonical retraction.
By the first part, we may assume g is in single-factor form. Let {%;};eny be a
factorization of g with €; = & or €; = {R;}. Since r;0g ~ g|g, is null-homotopic
in B; for all i € N, it follows from Lemma that ¢ is null-homotopic. Thus
¢ is injective. O

5.2 Homotopy factorization for a dendrite core

Here, we apply the results of the previous subsection to prove analogous re-
sults for shrinking adjunction spaces with dendrite core (see Figure . Recall
from Example that a dendrite is a locally arc-wise connected and uniquely
arc-wise connected compact metric space. Every dendrite is sequentially n-
connected for all n > 0.

Figure 12: A shrinking adjunction space obtained by attaching 2-spheres to a
shrinking wedge of arcs.

Most of our effort will go toward proving the following theorem.

Theorem 5.10. Let Z = Adj(Y,y;, Bi,b;) where Y is a dendrite and zo € Y.
If f € Q™(Z, ) is in factored form, then f is homotopic in Y U Im(f) to an
n-loop fo, € N (Z, 20) that is in single-factor form.
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First, we recall some well-known characterizations of dendrites [23] Chapter
10]. Fix a non-degenerate dendrite Y, that is, a dendrite which contains at least
one arc. A point y € Y is a cut-point if Y\{y} has more than one connected
component. If Y\{y} has at least three components, then we call y a branch-
point. If y € Y is not a cut-point, then we call it an end-point or simply an
end of Y. Let Cut(Y'), Br(Y), and End(Y) = Y\Cut(Y') denote the subsets of
cut-points, branch-points, and end-points respectively. These sets are related
to each other and Y in the following ways:

e Br(Y) < Cut(Y) and Cut(Y)\Br(Y) is empty or a disjoint union of open

arcs.

e End(Y) may be uncountable but Br(Y) must be countable.

e End(Y)u Br(Y) is closed in Y.

Remark 5.11 (Viewing dendrites as shrinking adjunction spaces). If A € Y
is closed and connected, then A is a dendrite. Let # be the set of connected
components of Y\A. For each W € #, W is a dendrite and there is a point
w € A such that W n A = {w}. If # = {W;,Ws,Ws,...} is infinite, then

lim;_, o diam(W;) = 0. Since Y is compact, we have shrinking adjunction
decomposition Y = Adj(A4, w;, Wj,w;). We refer to this decomposition of ¥ as
the A-decomposition of Y.

There exists a deformation retraction R4 : Y x I - Y of Y onto A. Such a
retraction may be constructed by setting R4(a,t) = a when a € A and defining
the restriction of R4y, : W xI— W, W e # tobe any choice of basepoint-

preserving contraction of W to w; € W n A.

Example 5.12 (Wazewski universal dendrite). It is instructive to consider the
above decomposition of a dendrite in the “worst case” scenario, that is, when
Y is the Wazewski universal dendrite (see [28, Chapter K] and [23, 10.37]).
This dendrite may be construc‘Esd directly in the plane inductively by starting
with a homeomorphic copy of \/(Z,0), attaching smaller copies of this space
in a dense fashion, and taking the closure to obtain uncountably many ends.
Every dendrite is homeomorphic to a subspace (and, therefore, is a deformation
retract) of the universal dendrite.

Figure 13: The Wazewski universal dendrite
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Remark 5.13 (Approximation by finite trees). We will also use a choice of a
sequence of arcs in Y to characterize Y as an inverse limit of finite trees. By
Theorem 10.27 and Corollary 10.28 of [23], any non-degenerate dendrite Y may
be written as the union of End(Y’) and an infinite tree T = U;le X, where

e for all pe N, X, is an arc,

e forallpe N, T}, = [ J'_, X; is a finite tree such that X, 41 N T, = {xp41}

is an end-point of X1,
e lim diam(X,) = 0.

P
There is a retraction 6,11, : Tp41 — T, that collapses X,11 to zpi1. We
may identify Y with the inverse limit Lian(Tp, Op+1,p). Certainly, the choice of

approximating trees T}, for Y is not unique.

Example 5.14. While our proof of Theorem[5.10|does not depend on our choice
of arcs { X} pen, it is instructive to realize that (1) the weak topology on the tree
T with respect to the arcs X, will not always agree with the subspace topology
inherited from Y and (2) the end of the arc X, not attached to T,,_; will only
sometimes end up as an element of End(Y"). For instance, if Y = [0, 1], then the

natural choice is to take X, = [”%7 ﬁ] sothat T =[0,1). If Y = vjeN(I, 0),

then there is a choice of {X,},en that give T = \/jeN([O,l),O) and another
choice for which T' =Y.

In the next lemma, we reduce our proof of Theorem [5.10] to a special case
to which we can readily apply Theorem Although it is possible to prove
Theorem [5.10| without this reduction, we find that it allows us to avoid extra
casework.

Lemma 5.15. Suppose the conclusion of Theorem[5.10 holds for shrinking ad-
Junction spaces Z = Adj(Y,y;, B;,b;) where the set {y; | i € N} of attachment
points enumerates a dense in Y\End(Y') and such that there is an inverse limit
decomposition Y = Lir_np(Tp,éerLP) using arcs X, € Y for which {y; | i € N}
meets each arc X, in infinitely many points. Then Theorem holds for all
dendrites.

Proof. Supposing the hypothesis, let Y’ be any dendrite, zp € Y/, and Z' =
Adj(Y', yi, B;,b;) where each (B;,b;) is sequentially (n — 1)-connected. Let
f€Q™(Z, z) be in factored form. As usual, by replacing all spaces B; attached
at a fixed point of Y with their (finite or infinite shrinking) wedge and implicitly
using [£:22] we may assume that i — y; is injective.

For each i € N, attach an arc K; of diameter % to Y’ by identifying on
one end of K; with y;. The resulting space Y is a dendrite for which {y; | i €
N} n End(Y) = . Finds arcs X,,, p € Nin Y such that ¥ = lian(Tp,épH,p)
as in Remark Since Y is hereditarily separable, we may find a sequence of
distinct points wa, wa, we, . .. in End(Y)\(Y u{y; | i € N}) such that o/ = {wo; |
j € N}u{y; | i € N} is dense in Y\ End(Y') and such that &/ meets X, in infinitely
many points for all p € N. We combine these sequences by defining wo; 1 = v,
1€ N. For all i € N, let Agi_l = Bi, agzi—1 = bi, let AQi be a one—point space
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{as;}. Consider the shrinking adjunction space Z = Adj(Y,w;, A;,a;) and note
that Z\Z' = Y\Y".

We now regard f as an n-loop in Z. By assumption, f is homotopic to a map
g € Q"(Z, ), which is in single-factor form, by a homotopy H : I" x [ — Z
with image in ¥ n Im(f). Since UjeN A; € Z' 0Y, the canonical retraction
Y — Y’ extends to a retraction r : Z — Z'. Set G =roH and ¢ =roge€
Q"(Z',29). Now G : I" x I — Z' is a homotopy from r o f = f to ¢’. Since
Im(H) €Y nIm(f) and r(Im(f)) = Im(f), Im(G) = r(Im(H)) € Y’ n Im(f).
Moreover, since | J;oy Bi € Z’, the maps ¢’ and g agree on | J,.y g~ H(Bi\{b;}).
Therefore, if we take {%;}:en to be a factorization of g where each %; contains
at most one n-cube, then we may define a corresponding factorization {%;}jen
of ¢’ by Po; 1 = %; and %5; = . We conclude that ¢’ is in single-factor form.
This verifies that the conclusion of Theorem [5.10] holds for Y. O

In light of Lemma we will, from now one, assume that Z = Adj(Y,y;, Bi, b;)
where Y = lian(Tp, 0p+1,p) is a dendrite and {y; };en is an enumeration of subset

of Y\End(Y') that meets each X, in infinitely many points. Fix a basepoint
20 =1 € Xl\{yz | 1€ N}

Remark 5.16. As in the previous section, if R as an n-cube and 2’ € Z' C Z,
we simply say that an n-loop f : (R,0R) — (Z’,2') is in “factored form” if it is
in factored form with respect to Z = Adj(Y,y;, B;,b;) when viewed as a map
f:(R,0R) — (Z,72).

Using the inverse limit description of Y, we construct a sequence of sub-
dendrites of Y. The set x = {X, | p € N} of arcs inherits a canonical partial
ordering: X, < X, if and only if there is a unique finite sequence p = py <
pL<p2 <--<p,=qwherex, € X, | forall<j<n,thatis, if X, is
attadidto Xp, Xp, is attached to X, , and so on. Set Xz, = J,>, Xq. Then
Y, = X, is a dendrite and Y, € Y, whenever X, < X,.

If s := X, < X,, < Xp, < --- is an infinite increasing sequence in Y,
then en Yp,; comsists of a single point es € End(Y). In terms of the inverse
limit characterization ¥ = Lil_np T,, es is identified with the unique sequence
(ti,ta,ts,...) € [, T, satistying ¢, , =z, for all j € N. We refer to any end
of the form es € End(Y') as an infinite end of Y. For any open neighborhood
U of es, we have Y, € U for all but finitely many j.

Set Jo = {1}. Forp > 1,1let J, = {¢ > p| X, = X, and z, € X,,}, i.e. the
indices ¢ for which the arc X, is directly attached to X, in the tree 7,. Note
that the sets J,, p > 0 form a partition of N and that, for p > 1, J, may be
finite or infinite. Using the X,-decomposition of Y, from Remark each
dendrite Y}, has shrinking adjunction space decomposition

Y, = Adj(X,, {xq}qup’ {Yq}qup7 {xq}qup)-

Let K, = {i e N | y; € Y,\{zp}} and Z, = Y, u {B; | i € K,,}. Notice that for
each p € N, Z, has two relevant decompositions:
(1) Adj(Yy, {yi}iek,, { Bitiek,, {bitiek, ),
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(2) the decomposition with core X, and attachment spaces {Z, | ¢ € J,,} and
{Bi | yi € Xp\{zp}} (we have chosen zy # y; for all i to avoid a special
case for p = 1).
Additionally, if s := X, < X, < X,, < --- is an infinite increasing sequence in
X, then ﬂjeN Zy, = {es}. Since X, is an arc, the spaces Z,, satisfy the hypotheses
of Theorem and therefore permit its recursive application. To match the
notation in the previous section, we let X = X, u J{B; | yi € Xp\{z,}}-

Lemma 5.17. Suppose s := X, < X,, < Xp, < --- 15 an infinite increas-
ing sequence in X corresponding infinite end e € End(Y). If U is an open
neighborhood of es in Z, then Z,, S U for all but finitely many j.

Proof. Asnoted earlier, we have Y, € UnY for all but finitely many j. Suppose
to obtain a contradiction, that we can find points Z, \U # ¢ for infinitely
many j. Replacing s with the subsequence of X, for which Z, \U # &, we
may assume that for every j € N, there exists a point z; € Z, \U. Then there
exists i; € N such that z; € B; \{b;,} and b;, = y;, € Y,,. However, since
{yi,}jen — es, Lemma ensures that we must have B;; < U for all but
finitely many j; a contradiction. O

Proof of Theorem[5.10, Suppose Z = Adj(Y,v;, Bi,y;) is a shrinking adjunc-
tion space where Y is a non-degenerate dendrite with inverse limit structure
@p(Tp(Y),5p+1,p) given by arcs X,, p € N. Suppose zp € X; and let f €
O"(Z, z9) be in factored form.

Recall that Y =Y; and Z = Z;. Set f; = f. Applying Theorem we see
that f; is homotopic to a map fo € Q"(Z, 29) such that f5 is in factored form
and f5 is in single-factor form with the decomposition of Z; into core X; and
attachment spaces {Z, | ¢ € J1} and {B; | yv; € X1\{20}}. We may choose the
homotopy H; from f; to f3 to have image in Y uIm(f;). Thus (f2) € Y ulm(f).
Let Sy = J;. Then there is an n-domain %, = {R, | ¢ € S2} such that
(f2)|r, € Q" (Zg,24), g € J1 and fo(I"\,e,, int(Ry)) S Xi. Although it is
implicit in the proof of Theorem [5.8] we may apply Lemma [2.8] if necessary, to
ensure that diam(R,) < % for all g € S5. Since X5 must be attached to X, we
have 2 € S5.

Suppose, for p > 2, we have constructed f, € Q"(Z, zp) with Im(f,) €Y u
Im(f), set S, € N with p € Sp, and an n-domain %, = {R, | ¢ € S,} such that
(fo)lr, € U(Zq,2q), q € Sp and diam(R,) < 3. Since p € S, we will construct
fp+1 from f,, by only altering values in R,,. Recall the two shrinking adjunction
decompositions of Z,. Theorem [5.8] gives that (f,)|r, : (Rp, 0Rp) = (Zp, xp)
is homotopic rel. 0R, to a map g, : (Ry, 0R,) — (Z,,z,) such that g, is in
factored form and g, is in single-factor form with the decomposition of Z, into
core X, and attachment spaces {Z, | ¢ € J,} and {B; | y; € X,\{zp}}. Let
Gp : R, x I — Z, be the homotopy from (f,)|r, to g, and recall that we may
choose G, to have image in Y, u fp(R,). Let fpiq : (I™,0I") — (Z, 29) be the
map, which agrees with f, on I"\int(R,) and so that (f,1)|r, = gp. Define
homotopy H), : I" x I — Z from f, to fp+1 to be the constant homotopy on
I"\int(R,) and to agree with G, on R, x I. Note that Im(H,) € Y u Im(f,).
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The single-factor form of g, ensures that there is an n-domain {R, | ¢ € Jp,} of
n-cubes in R, such that g|r, € Q"(Z,,2,), q € J, and (gp)(R,\ quJp int(R,)) €
Xy. Applying Lemma if necessary, we may assume that diam(R,) < 35
for all ¢ € Jp,. Set Spy1 = (Sp\{p}) v Jp and let Z,11 = {Ry | g € Sp41}. Then
(fp+1)lr, € Q"(Zy,24) for all ¢ € Sp1. Since X, is attached to some X,
q < p, we have p+1 € U];:l Jq and thus p +1 € Sp4q. This completes the
induction.

Consider the inductively constructed sequence of maps {fp}pen in Q" (Z, zo)
and homotopies H,, from f, to f,+1 where, by construction, Im(H,) € Y v
Im(f) for all p € N. We will construct the infinite vertical concatenation of
the homotopies {H,}pen. First, we construct the limit map f... Let C; = I™.
Although Hp, p > 2 is the constant homotopy on I"\int(R,), we let C, =
U{Ry | ¢ € Sp}. Since R, € C,, H, is the constant homotopy on I\ int(C),).
Our construction ensures that C7 2 Cy 2 C3 2 - where C = ﬂpeN C, =
ﬂpeN int(C)) is compact and totally disconnected. It is possible that C' = &,
for instance, if Im(f) meets at most finitely many X,. It is also possible that C
has isolated points. If x € I"\C, then we let f.,,(x) be the limit of the eventually
constant sequence {f,(x)}pen. To define f., on C, recall the partially ordered
set x of arcs X,.

If x € C, then for every p € N, there is a unique g, € S, such that x € R,
and such that the intersection of the non-increasing sequence of n-cubes Ry, 2
Ry, 2 Ryy 218 [en int(Ry,) = {x}. In x, this corresponds to a non-decreasing
infinite sequence s(x) := Xy, < Xy, < Xg; < --+ where either X, . = X, or
Xgps1 > X, are consecutive terms in the partial order x. The latter case means
that X, ., is attached to X, at z,,,,. The sequence s(x) may only remain
constant at a single value of X, for finitely many terms. Hence, () oy Yy, = {es}
for a unique infinite end eg(x) € End(Y’). Define f (x) = eg(x)-

For fixed p € N, Z), is closed in Z, eg(x) € [ ,5,, fo(I%p), and we have fy(R,) <
Z, for all ¢ = p. It follows that for all pe N, f(R,) € Z,. Given any i € N,
we have ensured by Lemma that y; ¢ End(Y). Hence, for any given i € N,
the preimages f, ' (B;\{b;}) stabilize as p — oo. In particular, the construction
ensures that there is an n-domain . = {D; | Im(f) n B;\{b;} # &} such that
(fx)|p, € Q*(B;,b;) for all D; € . and f.(I"\|J) € Y. Therefore, once
we show that f.. is continuous, it follows that f,. is in single-factor form with
respect to Z = Adj(Y,y;, Bi,b;). We check the four criterion in Remark
to verify that f,. is continuous and that the infinite vertical concatenation H..
from f = fi to f, is continuous. Note that if C = &, f.. = f, and H,, is the
constant homotopy for sufficiently large p and this is trivial. Suppose C' # .

(1) By construction, for every p € N, H,, is the constant homotopy on I"\ int(C),),

(2) By construction, if x € I"\C, then f, (x) is the value of the eventually
constant sequence {f,(x)}pen,

(3) To check that f|c : C — Z is continuous, pick x € C and let U be an
open neighborhood of f,(x) = egx) in Z where, as before, s(x) is the
sequence X, < X, < Xy, <--- in x. By Lemma[5.17, we may find m
such that Z, < U. Now C n int(R,,,) is an open neighborhood of x in
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C and, since f.(Ry,,) S Z,,,, we have f,(C nint(R,,)) € U.
(4) Suppose x, € C, and {x,} — x. Let U be an open neighborhood of
foo(x). We show that H,({x,} x I) € U all but finitely many p. Since
x € C, we have f(x) = eg(x) corresponding the sequence s(x) = X, <
Xg¢ < Xgy < ---. As in Criterion 3., find m € N such that f,(R,,,) S
Zq,, € U. Since the n-cubes R, are nested, it follows that x, € C,, for
all p > ¢,. Additionally, H,(R,, xI) € Z,, < U for all p > g,,. Thus
H,({x,} x I) €U for all p = ¢y,
O

By replacing Theorem [5.8| with its dendrite analogue (Theorem [5.10)), the
proof of Corollary gives the following conclusion to this section.

Corollary 5.18. Let Z = Adj(Y,y;, Bi,b;) where Y is a dendrite and (B;,b;)
is sequentially (n — 1)-connected for every i € N. Let zg € Y. Then every
f e Q™Y,yo) is homotopic rel. OI™ to some n-loop g € Q*(Y,yo) that is in
single-factor form. Moreover,
e the canonical homomorphism ¢ : 7,(Z, z0) = | |;en 7™n(Bi, bi) is an iso-
morphism, N
e the quotient map Z — \/,.yBi collapsing Y to a point induces an isomor-
phism on .

Example 5.19. Let Z = Adj(Y, y;, B;, b;) where Y is any dendrite and B; = S™
is a n-sphere for i € N (recall Figures[[|and[I3). Then Z is (n—1)-connected and
T (Z) = [1;en ™ (S™) = ZN. Recalling Thcorcm the groups m(Z), k > n
will be non-trivial whenever 7(S™) is non-trivial. If we allow for the core Y to
be a non-compact, simply connected, one-dimensional Hausdorff space, then it is
possible that some subsequences of {y;} will have no convergence subsequences.
For an dendrite D € Y, note that Z(D) = D u|J{B; | y; € D} is either a finite
or shrinking adjunction space and so m,(Z(D)) is either trivial or isomorphic to
Z" or ZN. Now 7,(Z) = lim  m,(Z(D)) where the directed limit is directed by
all dendrites in Y containing zj.

6 Generalized Covering Spaces and Higher Ho-
motopy Groups

6.1 Generalized covering space theory

In this section, we analyze a particular case of generalized universal covering
spaces introduced in [I4]. The more general notion that includes intermediate
coverings was first given in [3] under the name “Ipco-covering.”

Definition 6.1. A map p : X > Xisa generalized covering map if X
is non-empty, path connected, and locally path connected and if for any map
f:(Y,y) = (X, ) from a path-connected, locally path-connected space Y and
point ¥ € p~!(z) such that fu(m1(Y,y)) < pe(m (X, %)), there is a unique map
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f: Y,y) — (X',%) such that p o ]7 = f. If X is simply connected, we call
p a generalized universal covering map and X a generalized universal covering
space.

Note that a generalized universal covering space over X, if it exists, is unique
up to homeomorphism. If X is path connected, locally path connected, and
semilocally simply connected, then the existence and uniqueness of ordinary
covering maps guarantees that any generalized covering map p: X — X is a
covering map. In general, a space X need not admit a generalized universal
covering space. In [B] necessary and sufficient conditions for the existence of a
generalized universal covering map are given for metrizable X.

Theorem 6.2. [T} Every path-connected, one-dimensional Hausdorff space X
admits a generalized universal covering space X. If X is metrizable, then Xisa
topological R-tree, i.e. a uniquely arc-wise connected, locally arc-wise connected
metrizable space.

Since shrinking adjunction spaces of interest will generally not be one-dimensional,
we will also employ the following generalization, which implies part of the pre-
vious theorem. Recall that a group is residually free if it homomorphically
embeds into a product of free groups. Fundamental groups of path-connected,
one-dimensional Hausdorff spaces are residually free (See [6] or [9]).

Theorem 6.3. [, Prop. 6.4 and Thm. 6.9] Let X be a path-connected metric
space. If m (X, xq) is residually free or if X is m-residual, then X admits a
generalized universal covering space.

Remark 6.4 (Whisker Topology). Generalized universal coverings may be con-
structed as follows. Fix a point zg € X and let X be the space of path-homotopy
classes [a] of paths a : (I,0) — (X, z0). An open neighborhood of [¢] is a set
of the form N([a],U) = {[a-€] | (I) € U} where U is an open neighborhood of
a(l) in X. This topology is the so-called standard topology or whisker topology
on X. The homotopy class of the constant path at zg, which we denote as ¥y, is
the basepoint of X. The endpoint projection map p: X — X, p([a]) = «(1) is
a continuous surjection, which is open if and only if X is locally path connected.

According to [14, Prop. 2.14], the map p : X — X constructed in the
previous paragraph is a generalized universal covering over X if and only if p
has the unique path-lifting property. Moreover, it is shown in [3 Section 5] that
if there exists a generalized universal covering ¢ : X - X , then there exists a
homeomorphism i : X — X such that goh = p. Therefore, whenever X admits
a generalized universal covering map, it is equivalent to p : X — X and so we
always assume generalized universal covering spaces are of the form X.

Remark 6.5. Since we assume that a generalized universal covering space X
has the structure as described in Remark each fiber p~1(z), z € X is in
bijective correspondence with 71 (X, zg). We have p~'(z¢) = 71 (X, zo) but if
T # X, this bijection requires a choice. Namely, a choice of path f: I — X
from x to x¢ determines the bijection p~!(z) — 71 (X, z9), [a] — [a - B].
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Definition 6.6 (A topology on the fundamental group). We give the fun-
damental group p~'(x¢) = m(X,x0) the subspace topology inherited from
X. In particular, a neighborhood of [a] € (X, z0) is a set of the form
N([a],U) = {[a- 8] | B(I) € U} where U is an open neighborhood of z in
X.

Remark 6.7 (A Formula for Lifts of Paths). Suppose [3] € X and a: (I,0) —
(X,5(1)) is a path. Define paths a4(t) = a(st), s € I. Then the unique lift

&: (I1,0) — (X,[B]) of o starting at [A] is given by d(s) = [8 - as]-

Since generalized covering maps have the same lifting property as ordinary
covering maps, many results related to covering maps also follow for generalized
covering maps. Since S™, H,, (for n > 2), and the reduced cone over (H,,bg)
(for n = 1) are locally path connected and simply connected, the unique lifting
property gives the following proposition.

Proposition 6.8. Ifp: X > Xisa generalized covering map, then the induced
homomorphisms py : (X, T0) = (X, 20) and py o [(H,, bo), (X,%0)] —
[(H,,, bo), (X, z0)] are injections for n =1 and isomorphisms for all n = 2.

Analogous to uses of covering spaces in traditional algebraic topology, if a
path-connected space X admits a generalized universal covering space, then to
analyze m,(X,xo), n = 2, it is sufficient to understand the higher homotopy
groups of the simply connected space X.

In the next lemma, we show how the sequential properties introduced in
Section 2.4 are preserved by generalized universal covering maps. We encourage
the reader to recall their definitions in terms of the groups [(Hg, bg), (X, )] and
the homomorphism Oy, : [(Hy, by), (X, z)] — 7 (X, z)N.

Lemma 6.9. Ifp: X—>Xisa generalized universal covering map, then
(1) X is mi-residual at © € X if and only if X is sequentially 1-connected at
every point in p~t(z),
(2) forn =2, X is my-residual (resp. sequentially n-connected, n-tame) at x
if and only zf)N( is wp-residual (resp. sequentially n-connected, n-tame) at
every point in p~1(x).

Proof. Fix points p(Z) = z and note that X is snnply connected. For (1),
suppose X is m-residual at z and f : (Hj,by) — (X, %) is a map. Since X is
simply connected, f = po f : (Hy,bo) — (X',x) is a map for which ©([f]) = 1.
This [f] = 1. Let H : CxH; — X be an extension of f to the reduced cone
over Hl Since C,H; s contractible and locally path-connected, there exists
a lift H : CiHy — X which by unique lifting properties of p must be an
extension of f. Therefore [ f] = 1. Thus X is sequentially n-connected. For the
converse, suppose X is sequentially n-connected at Z and f : (Hy,bo) — (X, 2)
is a map for which ©;([f]) = 1. Since each loop a; = fo/¢; : St - X is null-
homotopic, there is a lift &; : S1 — X based at 7. Since X has the Whisker
topology and {a;}jen converges to z, it follows that every basic neighborhood
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of & contains Im(c;) for all but finitely many j. Therefore, there is a map
[ (Hi,by) — (X, Z) such that fol; = &;. By assumption [f] =1 and so f is

null-homotopic rel. basepoint in X. It follows that f = po J? is homotopic rel.
basepoint, i.e. [f] = 1.

For (2), consider the following commutative square. By Proposition the
vertical maps are isomorphisms for any n > 2.

[(EL, bo), (X, )] ———s [ [y (X, 7)

- -

[(anbo)v(va)] @4)1_[ ﬂ-n(va)

n JeN
Using this diagram, all cases of (2) follow from the definitions of the respective
properties in terms of ©,,. O

6.2 Generalized coverings of shrinking adjunction spaces

Here, we begin to develop a theory of generalized coverings of shrinking adjunc-
tion spaces. The conclusions in the following lemma are related to the theory
of pullbacks of generalized universal coverings developed by H. Fischer [I3]. We
include the short proofs since the overlap with Fischer’s work is only partial and
since our applications are fairly specific.

Lemma 6.10. Suppose p : Y >Yisa generalized covering map, X €Y is a
path-connected subspace, and yo € X.
(1) If the inclusioni : X — Y is my-surjective, then p~*(X) is path connected.
(2) If for every x € X and neighborhood U of x in'Y, there exists an open set
V' of © contained in U such that every path in 'V with endpoints in V. n X
is path-homotopic in Y to a path in V n X, then p~(X) is locally path
connected.
(3) If the hypotheses of (1) and (2) hold, then the restriction q : p~*(X) — X
of p is a generalized covering map.
(4) If p is a generalized universal covering map, i : X — Y induces an iso-
morphism on w1, and the hypothesis of (2) holds, then the restriction
q:p HX) > X of p is a generalized universal covering map.

Proof. According to Remark we may assume Y has the whisker topology
construction on basepoint yg € Y. N

For Part (1), notice that the basepoint iy = [cy,] of Y lies in p~*(X).
Suppose [a] € p~1(X) for some path a : I — Y from yy to (1) € X. Since
in @ m(X,90) = m(Y,yo) is surjective, « is path-homotopic in Y to a path
B:1— X. The standard lift 3, is now a path in p~(X) from o to [o] = [S]
with image in p~1(X). Thus p~1(X) is path connected.

For (2), fix [a] € p~1(X) and a basic open set N ([a],U) np~}(X) in p~1(X).
Find an open neighborhood V of «(1) in Y contained in U as described in the
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hypothesis of Part (2). Certainly, N([a],V) np~(X) € N([a],U) np~1(X)
and so it suffices to check that N([a],V) n p~}(X) is path connected. Let
[8] € N([a], V) np~!(X) for some path 3 : I — Y from yo to a point 3(1) € X.
Then 5 ~ o - in Y for some path v : I — V. Since a(1) and 5(1) lie in X,
7 has endpoints in X. By assumption, there is a path 6 : I — V' n X that is
path-homotopic in ¥ to 7. Let s : I — Y be the standard lift of § starting
at [8]. Then 5 is a path in N([a],V) n p~!(X) from [a] to [3]. This proves
N([a],V) np~1(X) is path connected.

For (3), suppose the hypotheses of (1) and (2) hold. Based on the previous
two parts, it suffices to check that ¢ = p|,-1(x) has the required unique lifting
property. Suppose (Z,zp) is path connected and locally path-connected and
[+ (Z,2) — (X, yo) is a map such that f4(m1(Z, 2)) < gz (m1 (5 (X), §o)). IF
j:p~1(X) = Y is the inclusion, then

(i 0 f)z(mi(Z, 20)) (i 0 @) (mi (p~ (X)), 5o))
= (pof)x(mp™(X), %))

< pp(m (577?70))

N

~

Hence, there exists a unique map g : (Z,29) — (Y, o) such that pog =io f.
Since p(§(Z)) = i(f(Z)) € X, we have §(Z) € p~*(X). Thus § is a unique map
satisfying g o § = g. We conclude that ¢ is a generalized covering map.

Finally, suppose the hypotheses of (4) holds. Since the conclusions of Parts
(1)-(3) hold, it suffices to show that p~!(X) is simply connected. Let & : I —
p~1(X) be a loop based at 7. Since Y is simply connected, o = po & is a loop
in X that is null-homotopic in Y. However, since the inclusion ¢ : X — Y is mq-
injective, @ must also be null-homotopic in X. By the unique lifting properties
of ¢, a null-homotopy of a in X lifts to a null-homotopy of & in p~!(X). O

Corollary 6.11. Suppose X €Y is a retract such that the inclusioni: X - Y
induces an isomorphism on m1. Then X admits a generalized universal covering
if and only if Y admits a generalized universal covering. Moreover, ifp:Y —Y
1s a generalized universal covering map, then the restriction p|p71(X) pHX) —
X is a generalized universal covering map.

Proof. First, suppose that Y admits a generalized universal covering p : Y >Y.
We prove that X admits a generalized universal covering by proving the second
statement. The second statement will follow from Part (4) of Proposition
once the hypotheses are verified. The only non-trivial hypothesis to check is that
the hypothesis of Part (2) holds. Suppose z € X and V' is a neighborhood of z in
Y. Set U =V. Let r: Y — X be a retraction for which i : X — Y is a section.
Suppose a : I — U is any path with endpoints in Un X. Now roa: I - UnX
is a path with the same endpoints. Moreover, since ry : w1 (Y, ug) — m1 (X, uo)
is an injective and rg([a]) = r%([r o a]), we have & ~ roa in Y. Thus « is
path-homotopic in Y to a path in U n X. This verifies the hypothesis of (2)
and the result follows.

For the other direction, suppose that X admits a generalized universal cov-
ering ¢ : X — X. It follows from [3, Lemma 2.34] if f : (Z,20) — (X,y0) is
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any map, then there exists a generalized covering map p : Z — Z such that
p#(ﬂ'l(Z Z)) = f# (q#(ﬂ'l(X 7))). We note that Z may be the locally path-
connected coreflection of a path component of the usual pullback of ¢ by f.
Applying this fact to ¢ and 7 : Y — X, we obtain a generalized covering map
p:Y — Y such that p#(m(Y 70)) = ru(gue(m(X,T))). Since ¢ is a general-
ized universal covering map and 74 is an isomorphism, p(m; (17, Po)) = 1. Since
any generalized covering map induces an injection on 71, we conclude that Y is
simply connected, i.e. p is a generalized universal covering map. O

Although Corollary provides no new information about fundamental
groups, it will be useful for our approach to higher homotopy groups. Its great-
est utility includes cases where Y is obtained from X by attaching higher di-
mensional spaces to X in a way that does not affect the fundamental group. We
apply the last few results to the case of shrinking adjunction spaces.

Lemma 6.12. Let Y = Adj(X,x;, A;,a;) where X is path connected and each
(Aj,a;) is sequentially 1-connected. Let yo € X. If X admits a generalized
universal covering map q : X > X, then
(1) the inclusion i : X =Y and retraction r : Y — X induce inverse isomor-
phisms on . N N
(2) Y admits a generalized universal covering map p: Y — Y such that X is
a retract of Y and Py =4
(3) )N/\)z' is the disjoint union of open subspaces

Njap = {[a- ] € Y e((0,1]) € Aj\{a;})

for j € N and paths o : (1,0,1) = (X, y0,x;),

(4) Aj[a] is closed in Y,

(5) If Aj is locally path connected, then p maps Aj[a] = Nj[a] Y {[a]} home-
omorphically onto A;.

Proof. Part (1) is a special case of Corollary With Part (1) established,
Corollary [6.11] gives the existence of a generalized universal covering map p :
Y — Y whose restriction to pI(X)isa generahzed universal covering map over

X. Themaprop: Y — X induces a map 7 : Y — X such that qoT =rop.
Consider the diagram below where ¢ and ¢ are inclusions.

Since qo (7 07) = ¢, it follows that Foi = ids. Hence 7" is a retraction, completing
the proof of (2).

For (3), since X is closed in Y, it follows that X = p~!(X) is closed as
a subspace of Y. Certainly, Nj ] S Y\X is clear for any j € N and path
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a: (1,0,1) = (X,yo0,2;). Suppose J € Y\X. Then p(7) € Ai\{a;} for some
j € N. Find a path 5 : [ — Y from the basepoint o to ¥ and notice that
v =po7isapathinY from yo to p(y). Let to = sup{t € I | v(t) € X}. Then
v(to) = x; and y((to,1]) < A;\{a;}. Since the inclusion i : X — Y induces
an isomorphism on 71, we may assume that v([0,%p]) € X without changing
the path-homotopy class of v|jo]- Let @ = 7|4, and € = v|,,17- Now
g =%(1) = [a-€] where o : I — X is path from yg to z; and €((0,1]) € 4;\{a;}.
Thus Y\X = (J{N; o) | €N, a:(1,0,1) = (X,y0,7;)}.

Fix j € N and a path a : (1,0,1) — (X,y0,2;). For any path € : (1,0) —
(Aj,a;) with (1) € A;\{a;}, the set B([a-€], A;\{a;}) is an open neighborhood
of [a- €] in Y. Therefore,

N = UB(a- e Aj\a5}) | e (1,0) — (45, a;), e(1) € A;\{a;}}

is open in Y.

Finally, suppose § € Nj o] n Nji 5. Then §j = [a - €] = [3 - J] for paths
€:(1,0) = (4;,a;) with €(1) € A;j\{a;} and § : (I,0) = (Aj,a;) with €(1) €
A;i\{a;}. Since €(1) = 6(1), we must have j = j'. Thus (1) = 8(1) = z;,.
Applying the retraction 7; : Y — A; to the equality [a €] = [ - J] gives
[e] = [6] as path-homotopy classes in A;. It follows that [o] = [3] as path-
homotopy classes in X. We conclude that }N/\)Z' is the disjoint union of the open
sets Nj [o] Tanging over pairs (j,[a]) where j € N and [a] is a path-homotopy
class of a path o : (1,0,1) — (X, yo, ;).

For (4), X n Aj o] = {la]} is clear since X n Nj o] = . To check that
Aj [a] 18 closed in 377 Part (3) makes clear that we only need to check that Aj [a]
is closed in X U Aj[a]- Suppose [f] € )N(\{[Oz]} If 5(1) # a(1) = z;, then 5(1)
lies in the open set Y\A; of Y. Now U = B([8], Y\4,)n (X U Aj [a]) is an open
neighborhood of [3] in X u Aja- F[B-€] €U with e: (1,0) — (Y\Ay, B(1)),
then €(1) ¢ A; and so [B - €] ¢ Aj[a]. Therefore, U n Ajo) = &. On the
other hand, suppose 5(1) = (1) = z;. Then [«] and [#] are distinct points in
the fiber qj_l(xj) = p~!(x;). Since the fibers of a generalized universal covering
spaces are Hausdorff, we may find an open neighborhood W of z; in Y such that
[a] ¢ B([A],W). Now U = B([], W) n ()W( U A; 1) is an open neighborhood of
[A] in X u Aj a1 It suffices to show that U n A 4] = &. Suppose otherwise.
Then we have paths € : (I,0) = (A;,a;) and 6 : (I,0) — (W, z;) such that
[a- €] =[B-0] € B([Bl,W) n Aja1- If (1) = aj, then, since A; is simply
connected, we have [a] = [ J] € B([5], W) a contradiction. If (1) € A;\{a;},
then we may find ¢ty = max{t € I | §(t) = a;}. Since A, is simply connected,
we have [e] = [d]f,,17]. Thus [a] = [B - dlj0,4,] € B([B], W), which is another
contradiction. We conclude that U n A; (4] = .

For Part (5), notice that p maps [a] € Aj[4] to z; and all points of Nj 4
into Aj\{a;}. Suppose [a - €] and [« - 6] are elements of Nj o) with p([a - €]) =
€(1) = 6(1) = p([a-6]). Now e-6~ is a loop in A; based at a;. However,
A; is simply connected. Thus, [e] = [d], giving [a - €] = [a - §]. We conclude
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that p maps Aj [, bijectively onto A;. If v : (I,0) — (Aj,a;) is any path
and V is a path-connected open nelghborhood of (1) then p maps the open

set B([a+7],V) N Aj[] in the subspace A;[,) of Y onto V. Hence, p is a
homeomorphism. O

Although Y will be a shrinking adjunction space only in trivial cases, Lemma
[6.12shows that Y is at least an indeterminate adjunction space (Recall Section
3.3) with core X and attachment spaces A; (o], [a] € p~'(z;).

Corollary 6.13. Let Y = Adj(X,z;,A;,a;) where X is path connected and
each (A;,a;) is sequentially 1-connected. Let Y€ X. If X admits a generalized
unwersal covering map q : X > X, then, Y is an indeterminate adjunction
space with core X attachment spaces Aj o] and attachment points [a] € X
ranging over all path-homotopy classes of paths a: I - X from yy to the
attachment points x; € X.

Remark 6.14. The condition that each A; is locally path connected in (5) of
Lemma is only needed if one wants to ensure that p maps A, [o] to A; by a
homeomorphism. If A; is not locally path connected, then A; |, is canonically
homeomorphic to the locally path-connected coreflection Ipc(A4;) and the map
p : Aja] — Aj corresponds to the continuous identity map Ipc(A;) — Aj.
Hence, p maps A; o] to A; by a bijective weak homotopy equivalence.

Lemma 6.15. Ifn > 2 and AJ is sequentially n-connected at a; for all j € N,
then the retraction ¥ : Y — X induces an isomorphism 7 Ty (Y Jo) —
Tm (X, P0) for all2 < m < n

Proof. For all m > 1, the following square commutes.

m (Y, 7 m(X

m (Y, y m (X
When m > 2, the vertical maps are isomorphisms by Theorem [6.8] According
to Theorem since each (A;,a;) is sequentially n-connected, ry is an iso-

morphism for all 1 < m < n. Therefore, the top map is an isomorphism when
2<m<n. O

4)71’

*)71’

Recall that q_l(a:j) c X is a convenient way to denote the set of path-
homotopy classes in X from yo to x;. For each pair (j,[«]) with [a] € ¢~ (z;),

let 7 [a] : Y - Aj [a] be the canonical retraction.

Lemma 6.16. Let X C Y and X € Y be as in Lemma- Let Z< Y be a
subspace, which is a Peano continuum and let Z; o) = Z N Aj [a]- Let K be the
set of pairs (j,[a]) such that Z N Nja1 # . Then
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(1) K is countable,

(2) ZnX and Z Aj1a]; (s [a]) € K are Peano continua,

(8) If K is infinite, then Z is homeomorphic to the shrinking adjunction space
with core Z n X and attachment spaces Zjla]; (s [a]) € K.

Proof. Since Z is separable and the subspaces N;|,] are open and disjoint by
(3) of Lemma @I, it is only possible for Z to meet N [, for countably many
pairs (7, [«]). Hence K is countable.

For (2), recall that there is a retraction 7 : ¥ — X such that T(Aja]) =
[a] for all j € N and o : (£,0,1) = (X,y0,2;). Then #(Z) = Z n X is a
Peano continuum. Also, for all (j,[a]) € K, 7j[4](Z) = Z n Aj[] is @ Peano
continuum. R

For (3), recall that Corollary gives that Y is an indeterminate adjunction
space with core X, attachment spaces A; 1a]- The conclusion of (3) now follows
from Proposition |3.15 O

6.3 The main result: injectivity of ¢

Finally, we prove the strongest results of this paper, which imply Theorem
in the introduction.

Theorem 6.17. Let Y = Adj(X,x;,Aj,a;) where X is a one-dimensional
Peano continuum and each (Aj,a;) is sequentially (n — 1)-connected and -
residual. Then

(1) T (Y,yo) =0 for all2<m <n—1,

(2) the canonical homomorphism

EI; : 7"-71(?77:270) - H H ﬂ-n(‘Ajv[o‘]’ [Oé])

JEN [a]ep~1(x;)

induced by the retractions 7 [q] : Y, %) — (Aj a1, [a]) is injective.

Proof. By Theorem rg T (Y, y0) = mm(X,y0) is an isomorphism for
all 1 < m < n—1. Since X is one-dimensional, X is aspherical [§]. Hence,
Tm(Y,y0) =0 forall2 <m<n—1.

For (2), suppose n = 2 and let .%Z = {(j,[a]) e Nx X | a(1) = xj}. Let
f (1™, 01" > (Y, ) be a map such that fj’[a] = Tj[a] © f is null-homotopic
in Aj o for all (j,[a]) € #. We will show that f is null-homotopic in Y. By
Lemma f=po f is homotopic to an n-loop g in Y that is in factored form.
This homotopy lifts to a homotopy f ~ g where § is the lift of g. Therefore,
we may assume from the start that f is in factored form. Choose a Whitney
cover €; of V; = f~1(A;\{a;}) so that {&}};en forms a factorization of f (where
¢ = it V; = ). Since Im(f), is a Peano continuum, Lemma ensures
that the set K = {(j,[a]) € Z | Im(f) n Nj o] # &} is countable. Then for all
j €N, the set K; = {[a] € ¢ () | (j, [a]) € K} is countable.
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Let Uj o] = f_l(Njy[a]) and notice that V; is the disjoint union of the open
sets Uj (o], [@] € K. Therefore, €j[o) = {C € €; | C S Uj[4]} is a Whitney
cover of Uj 4] for all (j, [a]) € K. Moreover, if C' € € 4], then f(C) <€ Aj o]
and f(0C) = a;. Therefore, F(0C) = [a]. We conclude that for all (j, [a]) € K,
ij[a] is a € [o]-concatenation. By assumption, fj,[a] is null-homotopic for all
(4, [a]) € K and therefore f;[o) =750 f =po fj{a] is null-homotopic in A; for
all (4,[«]) € K.

Let D = Im(f) nX. SinceNX' is a topological R- tree D is a dendrite. For each
(4, [a]) € K, let 2[4 = Im(f) N Aj[o]- Now Im(f) =D U ({24 | (J,[a]) €
K} is a Peano continuum in the indeterminate adJunctlon space D v U{.A ] |
(4, [a]) € K} with core D and attachments spaces Aj 4], (J, [@]) € K. When K
is finite, Im(f) is a finite adjunction space. When K is infinite, Proposition
gives that Im( f) is a shrinking adjunction space with core D and attachment
spaces Zj [a]; (J; [@]) € K attached at the corresponding points [a] € D. Either
way, {% o] | (4,[a]) € K} forms a factorization of f with respect to given

decomposition of Im(f ) Therefore, f is in factored form with respect to this

decomposition of Im(f).
Even though Z; ) need not be sequentially (n — 1)-connected at [a], Theo-

rem applies since f is in already in factored form. Therefore, fis homotopic
rel. 0I™ to an n-loop § € Q"(Im(f), go) that is in single factor form with respect
to the indicated decomposition of Im(f). Let {Z; a1 ] (4, [a]) € K} be a factor-
ization of g where %; (4] consists of a single n- cube Rj a1 (each Z; 4] cannot

be empty since Im(f) N Za\llal} # ). Let g=pog.

Then §j[a] = Tj,[a]0J =~ ij[a] is null-homotopic in A; 4] for all (7, [a]) € K.
It follows that g; 4] = P © Jj,[«] is null-homotopic in A; for all (j, [o]) € K.

If K is finite, then for each [a] € K}, choose any null-homotopy Hj [q] :
Rj[a] % I — Aj o] of GlR, (o), 1-e. Where Hj 141(x,0) = g(x) and H} [4](0R;[a] %
IR {1}) = [a].

If K is infinite, we claim that the set {g|g, ., [a] | [o] € K;} clusters at
xz; = a; in A;. Indeed, these maps have image in A; and if U is an open
neighborhood of a; in Y, then p~!(U) n Im(f) is an open neighborhood of
the fiber p~!(z;) A Im(f). Since K; S p~*(x;) n Im(f), K; lies in the core
D of the shrinking adjunction space Im(f). Recalling Lemma 3.4 we must
have §(Rj[a]) € Zja] S p~H(U) N Im(f) for all but finitely many [a] € K;.
Therefore, g(R; o)) S U for all but finitely many [a] € Kj;. Since the set
{9lRr, oy | [@] € K;} of null-homotopic n-loops clusters at z; = a; in A; and
since A; is assumed to be m,-residual at aj, we may choose a set {H; [q] |
[a] € K} of corresponding null-homotopies that cluster at a;, that is, where
Hja] * Rja) X I — Aj is a null-homotopy of g|r, .-

Although g is not in single factor form in Y, the sets .7; = {R; [] | [a] € K}
form a factorization of g (define .; = & if K; = ). Define H : I" x I - Y
so that H is the constant homotopy on ¢ 1(X) = § (D) and which agrees
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with Hj o] on Rj o) % I. Certainly, H is well-defined. Since g is not in single
factor form, the continuity of H is not completely obvious. However, the only
non-trivial situation to consider is a sequence of distinct pairs (j;, [e;]), i € N
in K and points (x;,t;) € Rj, [o,] x I where {(x;,t;)} — (x,t) in I" x I. We
have H(x;,t;) € Aj, and since (x,t) € 0| H{Rj, [a;] | (J;[a]) € K}, we must
have z = H(x,t) € X. Let U be an open neighborhood of H(x,t) in Y and
x5, = g(@th[m]) = x;, for each ¢ € N. By the continuity of g, we must have
{z;,} = = in X and therefore x;, € U for all but finitely many i. By replacing
(Ji» [eui]) with a cofinal subsequence, if necessary, we may assume that z;, € U
for all < € N.
Let P = {j € N | z; = z;, for some ¢ € N}. First, suppose P is finite. If
H(x;,t;) ¢ U for infinitely many 7, then there is some jo € P and 41 < is < i3 <
- such that z;, = x;, and H(x,,,t;,) ¢ U. However, we chose the maps
{Hj, a1 | [@] € K} to cluster at aj,. Therefore, we must have Im(Hj, [4]) =
H(Rj, [a;,] % I) €U for all but finitely many m € N; a contradiction. Next,
suppose P is infinite. In this case, the sequence {z;};cp converges to z and
so (by Lemma we have A; € U for all but finitely many j € P. Suppose
J1 < ja < :-+ < jq are the integers for which A; ¢ U. Now, if H(x;,t;) ¢ U for
infinitely many 7, there must be some ¢ € {1,2,...,¢} and i1 < iy < i3 < -
such that for all m € N, we have ¢ = i,,, and H(x;, ,t; ) ¢ U. Now we are in the
same situation as the finite case and we arrive at a contradiction. We conclude
that H(x;,t;) € U for all but finitely many ¢, proving the continuity of H.
Let h € Q"(Y,yo) be the map h(x) = H(x,1). Note that h agrees with
g on g~'(X) and maps R; 4] to 2; € X. Therefore Im(h) € X. Since X is
aspherical, i is null-homotopic in X. Since f ~ g ~ h, we conclude that f is
null-homotopic in Y. Therefore, f is null-homotopic in Y. O

Recall from Remark that each fiber p~'(z;), z; # yo may be identified
with 71 (X, yo) once a choice of paths 8; : (1,0,1) — (X, x;,y0) is made. Also,
each group 7, (A; o], [@]) may be identified canonically with m,(A;,a;). Con-
sequently, we have a homomorphism ® : 7, (Y) — H]EN Hm(X) mn(A;) which is
only canonical relative to the choice of paths 3;. Since ® is not entirely canon-
ical, we now find it acceptable to remove basepoints from the notation. In the
following diagram of isomorphisms, the top and left map are canonical and the
other two require choice for the square to commute.

& b
Tn(Y) ————— [ Ljen [ [ajep-1a;) Tn(Aj[a])

(YY) — 5 HjeN Hm(X) Tn(A;)

14

Corollary 6.18. Let Y = Adj(X,z;,A;,a;) where X is a one-dimensional
Peano continuum and each (Aj,a;) is sequentially (n — 1)-connected and -
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restdual. Then there is an injective homomorphism

P . 7Tn(Y, yo) - H H 7T'n(A]ﬁa]')'

JeEN 71 (X,z0)

Example 6.19. ‘ To illustrate the need for the m,-residual property in Theorem
recall from Section [2.4] that CH., is sequentially (n — 1)-connected but is
not m,-residual at the usual basepoint xq in the base of the cone. Consider the
shrinking adjunction space Y = H; v CH,, with core X = H; is the Hawaiian
earring with wedgepoint y9, A1 = CH,, with basepoint yg, and where A; = {yo}
for j > 2 (See Figure[[4). Since each A; is sequentially (n — 1)-connected, there
isa generahzed universal covering p : Y — Y where Y consists of the topological
R-tree H; with a copy A [a] of CH,, attached at each [o] € p~(yo). We may
identify p~1(yo) = ’R’l(Hl,yo). Applying the same argument as in Example
gives ﬂn(}N/, Jo) # 0. Since ’/Tn(?, P0) = (Y, yo), it follows that the trivial
homomorphism
D7, (Y,y0) — H T (CHp, 20)
[a]em (Hy)

is not injective. Indeed, if ¢ : S' — H is the inclusion of the k-th circle and
fr : 8™ — CH,, is the inclusion of the k-th sphere in the base of the cone, then

[ Teen(Cr # fe)] # 0 in 7, (Y, yo) but @([] [1en(Ce * fi)]) =

Figure 14: The space H; v CHs.

6.4 The image of ® and examples

In this section, we characterize the image of the canonical injection

(I) 7Tn Y yo H H 7Tn(‘Aj,[a]a [a])

jeN [alep= (z)
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from Theorem In particular, we assume Y = Adj(X,z;, A, a;) where X
is a one-dimensional Peano continuum and each (4;, a;) is sequentially (n — 1)-
connected and 7,-residual. We also re-use the notation for the subspace A; 4]
of 37', which is the homeomorphic copy of A; attached at [a] € p~!(z;).

For convenience, we identify 7, (A} (o], [a]) = mn(Aj, a;) which allows us to

G = H 1_[ 7T’n(-Aj,[oz]’ [a])

jeN [alep~' (x))

as the group of all functions g : X — @jen ™n(Aj, a;) such that g(p~'(z5)) S
mn(4;,a;) for all j e Nand g([a]) = 0if [a] € X\ Ujeprl(xj). In other words,
if supp(g) = {|a] € X | g([@]) # 0} is the support of g, then supp(g) € p~* ({z; |
j€N}). For ge G and j € N, let g; € G be the “jth projection” satisfying
supp(g;) € p~ () and gjlp-1(z;) = glp—1(a)-

Suppose that C € p~!(z;) is countably infinite and well-ordered as C' =
{[ea], [a2], [@3], - - - }, then there is a canonical homomorphism

Oc¢ : [(Hy, bo), (Aj,a;)] = G

so that if ¢; : S™ — H,, is the inclusion of the i-th sphere, then O ([ f])([eu]) =
[fot],ieNand Oc([f])([e]) = 0 for all [o] € X\C.

~

Theorem 6.20. Consider an element g € G. Then g € Im(®) if and only if
(1) supp(yg) is compact,
(2) for all j € N, either supp(g;) is finite or supp(g;) is countably infinite and
g; € Im(©

supp(g;) )-

Proof. Suppose fe Q"(?,ﬂo) and g = Cf(f) Let
F ={la]le X | a(1) = z; and Im(f) N N, (o] # O}

It follows from Lemma that % is countable. Since supp(g) S &, supp(g)
is countable. Therefore, supp(g;) is countable for all j € N. Since supp(g) lies
in the dendrite Im (f) A X, the closure supp(g) (taken in X ) is compact. Next,
fix j € N such that supp(g;) = {[au], [a2], [@3], ...} is infinite. According to the
proof of Theorem we may assume, without altering the homotopy class of
f , that f is in single factor form in the shrinking adjunction space Im ( f) In

particular, we may find disjoint n-cubes R;[4,], 7 € N such that f(0R;[4,]) =
(], F(Rj ) € Aj g, and FUM\ Ujeryint(Ry o)) € I (F) o7 (4,\fay)):
Define h : (H,,bo) — (A;,a;) so that if so that £; : S™ — H,, is the inclusion of
the i-th sphere, then ho¢; = po f|Rj,[ai]' We have Ogpp(g,)([7]) = g;. Thus
gj € Im(GSupp(gj))'

For the converse, suppose g € G satisfies (1) and (2). Let D < X be the
union of all arcs connecting the points of the compact set supp(g) v {go}. An
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elementary argument shows that D is compact and is therefore a dendrite. Let
K be the set of pairs (j, [o]) such that [a] € p~!(z;) and [a] € supp(g;). For
each (j,[a]) € K, we choose a map f; o] € Q"(A;,a;) as follows: If supp(g;)
is finite, pick any map f;[4] representing g;([a]) € m,(A;,a;). If supp(g;) is
infinite and g; € Im(Ogyupp(g,)), Write supp(g;) = {[a1], [az],[as], ...} and find
amap h: (H,,by) — (A;,a;) such that Ogupp(g,)(h) = gj. Set fj[q,] = hol; for
all i € N. For each (j,[a]) € K, let fL[a] € O"(Aj o], [@]) be the lift of f; 14,
based at [«].

Since D is a Peano continuum, there exists a surjective path B : (1,0) —
(D,%0). Let B=po 5 We may assume that for each (j,[a]) € K, there exists
an open interval O; 4] in (0,1) such that 3(0j[4]) = [@]. As in the proof of
Theorem 3.12] let C; = [£, 1] for 0 < ¢ < landlet Cy = {(1/2,1/2,...,1/2)}.
Consider the n-loop F' € Q"(X 7o), which maps 0C; to 3(t) for 0 < t < 1 and

F(Cy) = B(1). Then F = po I € Q"(X, yo) maps 0C, to B(t) for 0 <t < 1 and
F(Cy) = B(1).

Pick an n-cube RJ o] € ULOC: | t € O 147} Let f I" Y be the function

which agrees with F on I" \U a))ex (R [4]) and such that f|R7 o] f]7

for all (j,[a]) € K. Clearly f is well-defined. Set f = po f. Essentially the
same argument used in the proof of Theorem (to verify the continuity of H)
gives the continuity of f. The lift f must then be continuous. By construction,

® ([f]) =g O

The subgroup [ [ ¢y EI—)M(XWO) Tn(A;,a;) of G consists of all g € G such that

supp(g;) is finite for all j € N. We identify some situations where Im (5) lies

in this subgroup.

Corollary 6.21. Let g € Im(® ) and fix j € N. If X is m-finitary at x; or if
Aj is my-finitary at aj, then supp(g;) is finite.

Proof. Suppose X is m-finitary at x;. We prove, by contrapositive, that the
fiber p~!(x;) is discrete. Indeed if p~!(z;) is not discrete, then since X isa
uniquely arc-wise connected, locally path-connected metric space, there exists
an injective path 8 : I — X that maps {1/m | m € N}U{0} into p—*(z;). Setting

=po B| [=ir,L] gives a sequence {Ypm }men of non-null-homotopic loops that
converges to zj. Therefore X is not m-finitary at z;. We conclude that p=!(z;)
is a closed, discrete subspace of X. It follows that supp(g;) < p’l(xj) is a

closed, discrete subspace of the compact space supp(g). Thus supp(g;) is finite.
Next, suppose A; is m,-finitary at a;. If supp(g;) = {[au], [ez2], [as],...} is
countably infinite, we can find amap h : (H,,, by) — (4, a;) with Og,pp( (9;) ([h]) =
gj- In particular, Oguppg,)([2])([ei]) = [ho¢;] for i € N. However, since A;
is m,-finitary at a;, there exists an ¢9 € N such that {hot;}isi, is sequentially
null-homotopic. Thus Ogupp(g,)([2])([ei]) = 0 for all i > io; a contradiction. [
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Applying Corollary when the hypothesis applies to all attachment points,
we obtain the following.

Corollary 6.22. Suppose that for every j € N, either X is mi-finitary at x;
or Aj; is my-finitary at aj. Then ® maps W,L(}W/,yjo) isomorphically onto the
subgroup of HjeN ®7T1(X,yo) mn(A;,a;) consisting of g with supp(g) compact.

Example 6.23. Corollary includes the case where the core X is arbitrary
and all attachment spaces are CW-complexes. For instance, suppose X is any
1-dimensional Peano continuum such as the Menger Cube and A; is an n-sphere
for all j e Nand Y = Adj(X,z;, A;,a,) for any sequence of attachment points
{z;}en. All attachment spaces AiS” are sequentially (n — 1)-connected and

Tn-finitary. Therefore, Corollary [6.25|implies that ® maps 7, (Y, Jjo) isomorphi-

cally onto a subgroup of

H @ Trn(Aj,aj)zl_[ 6—) Z.

jeNm1(X,y0) jeEN71(X,y0)

Example 6.24 (H; v H,,). A motivating example is the space Y = H; v H,
with wedgepoint by (See Figure . We may regard Y as having core H; and
attachment spaces (4;,a;) = (S",e,), j € N. By Corollary ® maps
7 (Hy v H,,, bg) isomorphically onto a subgroup of HjeN ®771(H1) 7., which we
regards as a subgroup of the group of ZN*™1(H) 1In particular, 7, (H; v H,) is
cotorsion-free. It follows from Corollary that g € Im(®) if and only if

e supp(g) = {[a] € m1(Hy, bo) | 9(4, [a]) # 0} is countable and has compact

closure in 71 (Hjy, by),

e ¢ has finite support din the second variable in the sense that for each

jeN, {[a] | g(4, [@]) # 0} is finite.
If so desired, one could represent g as a formal sum ; ., 9(j, []) indexed
over N x my (Hy, bo) or as a formal sum ,,; g[a] indexed over w1 (Hy, by) where
9la] € Z~N is given by 9la] (.]) = g(j7 [Oé])

Although the above characterization of ,(H; v H,,) as a subgroup of the
o-product HSZ is sufficient for carrying out computations in the group, the
author does not know if the isomorphism type of m,(H; v H,) has another
description.

The double direct sum @y D, (x,y0) T (Aj, ;) consists of all g € G for
which supp(g) is finite. Certainly, if supp(g) is finite, then supp(g) = supp(g)

is compact. This case occurs in the following “tame” situation.

Corollary 6.25. Suppose the following two conditions hold.
(1) All but finitely many attachment space (Aj, a;) are sequentially n-connected.
(2) For every j € N, either X is mi-finitary at x; or A; is m,-finitary at a;.
Then ® maps m,(Y, o) isomorphically onto @ jeny D, (x,y0) T4, a;)-

Example 6.26. Corollary includes the classical case where X is a finite
graph but also includes case where the core X is wild and finitely many CW-
complexes are attached at (possibly wild) points of X. For instance, suppose
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X = H; and that Y is obtained by attaching finitely many n-spheres to X.
By regarding this space as a shrinking adjunction space with A; = {a;} for
all but finitely many j, Corollaries and give that ® maps 7,(Y,yo)
isomorphically onto ;. (—Bm(tho) mn(A;j, a;), which is isomorphic to

D D z=Pz

170y (Hy,bo) ¢

m
Jj=

6.5 The inverse limit interpretation

Although shrinking adjunction spaces have a natural description as an inverse
limit, it does not seem possible to prove our main technical results using only
an inverse limit framework. For instance, to prove Theorems and one
must construct homotopies that deforms an n-loop non-trivially on an entire co-
final portion of the inverse limit and this requires working with the entire limit
at each step. Moreover, it is surprisingly tedious to formalize the sense in which
the isomorphisms ® and ® are components of a natural isomorphism. Therefore,
now that Theorem [6.17] is established, we expose the shape-theoretic interpre-
tation where naturality is immediate. We refer to [22] for preliminaries of shape
theory. From now on, we assume that X is a one-dimensional Peano continuum
and that each attachment space A, is an (n — 1)-connected polyhedron.

It is well-known that a one-dimensional Peano continuum X is homeomor-
phic to the inverse limit liﬂm(Xm’ bm+1,m) of finite graphs X,,, [24]. The bond-
ing maps bymiy1,m @ Xmt+1 — X, are topological retractions which map each
edge of X,, 1 linearly onto an edge of some finite subdivision of X,,,. By choos-
ing (topological) sections Sy, m+1 @ Xm — Xim+1, we see that each X, is a
retract of X. Hence, there are embeddings s,, : X,, — X, which are sections to
the projections b, : X — X,,. Identifying X, with its image in X, we choose
Yo € X1 € X9 € X3 € --- € X. Each fundamental group 71 (X,,, yo) is a finitely
generated free group F;  of rank 4,, and it is known that the canonical homo-
morphism Aj : 7 (X, y0) — £i£1m(Fim7 (Dm+1,m)) is injective [6l [I1]. However,
A1 is not surjective unless X itself is a finite graph. For notational convenience,
we may write X, for X = lim (Xm,bmt1,m) and b, : Xy, — X, for the
identity map. The homomorphism @ from Corollary is not surjective, in
part, because A is not surjective.

For k,m € N U {0}, let Y} ,, be the space obtained by attaching A;, 1 <
j < kto X, by aj ~ by(z;). Here the first variable k corresponds to the
number of spaces A; attached and the second variable m corresponds to the
graph approximation X,, to X = X,. For example, Y, ,, is the shrinking
adjunction space obtained by attaching all A; to X,, along the sequence of
points {b,,(x;)}jen and the space Yj ., was previously denoted Y. We have
bonding maps:

(1) Cths1,k)m * Yrs1,m — Yim which is the identity on X,,, which maps
Ay, As, ..., A; homeomorphically to the corresponding copy in Yy p,, and
which collapses Ag1 t0 by (2g+1) € X
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(2) Cr(m+1,m) * Ya,me1 — Yi,m which agrees with by, 11 m on X;, 41 and which
maps A1, A, ..., Ay homeomorphically to the corresponding copy in Y% .
(3) Clos1,k),0 * Yra1,00 = Yk oo agrees with the previously defined map pg1 -
(4) Cooim+1,m) * Yoo,ma1 = Yoo,m, which agrees with by, 41,m on X;,, and which
maps A; (attached at by,,11(x;)) homeomorphically to the corresponding
copy of A; in Y., ,,, (attached at b, (x;)).
Using the sections to by, and b, 1,m, one can directly construct sections to each
of these maps. Hence, all of these maps are topological retractions. Whenever
kE <k < owand m < m' < oo, there is a map C(k’,k),(m’m) Y — Yim
constructed as the corresponding composition of the above maps. Additionally,
for any pair k,m € N u {0}, there is a retraction (x m : Yoo o0 = Yim. We may
make the following identifications:
(1) Y =Yioo =lm  (Yim, G, (m+1,m))
(2) Yoo,m = Um, (Yem, Cret1,6),m
(3) Y = Yx,oo = Lil_nk Yk,fL = anm Y%,m
For any pair k, m € Nu {00}, the space Yy, », is the shrinking adjunction space
obtained by attaching a sequence of spaces A;, 1 < j < k to the one-dimensional
Peano continuum X, along the points {by, (;)}1<j<k in X,,. Hence, the results
of the previous section apply to Yy .
Spec1ﬁcally, there are generalized universal covering maps g, m X’m - X
and pg o Yk m = Yim such that the restriction of i, to py m(Xm) agrees

with g m. When m < o0, Xm is a tree and when m = o0, X, is a topological
R-tree.

When k < o, Y, ., is an ordinary adjunction space with the weak topology
with respect to X,,, A1, Ao, ..., Ag. It is straightforward to check that ?k m 18
the adjunction space (with the weak topology) obtained by attachmg a copy of
Aj,1<j<kto X, at each point in the fiber of p;- m( m(z;)). Corollary |6
gives that

7T7L(Yk,m) = @ @ 7rTl(jélj)'
i=1[aleF;,
Under this identification, the bonding maps may be described as follows.
o Tp(Yit1,m) = mn(Yi,m) collapses the k + 1-th summand (—DFi T (Akt1)
to the identity. o
. ﬂn(Yk mi1l) — 7rn(Y;~C m) maps the summand m,,(A;) with index (j,[a]) €
{1,2,...,k} x F; ., isomorphically onto the summand 7, (A;) with index
Ui bt ([a]) € {1,2,.. K} x B,
The spaces Y., (k,m) € N2, approximate Y and form an H Pol-expansion
of Y. Hence the n-th Cech homotopy group of Y is

(V)= lm 7 (Yim)
(k,m)eN?

Here, N? is endowed the product directed order (k,m) < (k’,m’) if k < k' and
m < m/. There are three natural ways one can describe this inverse limit, as a
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single limit along the diagonal or taking the limit in each variable separately:

(V) = lm 7y (Vi) 2= Um [ [ (Vo) = [ [ lim i (Yam)-
keN m. k m

Regardless of how one chooses to represent the n-th shape homotopy group,
Theorem [6.17] implies the following.

Theorem 6.27. Let Y = Adj(X,z;,A;,a;) where X is a one-dimensional
Peano continuum and each Aj is a (n — 1)-connected polyhedron. Then the
natural homomorphism A, : 7, (Y) — 7, (Y) is injective.

Proof. Suppose 0 # [f] € m,(Y,y0). Let f e Qu(Y,%) be the lift to the gen-
eralized universal covering space )~/~ By Theorem there exists k € N and
[a] € p~'(xx) such that ry 4] o f is not null-homotopic in Ay o). Fix any
m =1 and let Ekm Y - )7;@7,,1 be the lift of the retraction (. .,, which satisfies

Di,m © Ckom = Cim © p. Recall that Y ,, consists of the finite graph X, with
spaces Ay, A, ..., Ay attached. Let By be the homeomorphic copy of A in
Yiom attached at Cm([e]) € pj b, (Cem (k). Since Ay (41 is the locally path

connected coreflection of By, the restriction Zk,m : Ak,[a] = B is a bijective
homotopy equivalence. In particular, if R : ffk,m — By is the canonical re-

traction, then [R o Ek,m o f] # 0. Since m,(By) is one of the summands in
T (Yim) = @?:1 D, (x,.) ™ (A;), we conclude that [k o f] # 0.

O

While it is outside the scope of the current paper, the author expects that
further algebraic study of #,,(Y") may provide an interesting alternative presen-
tation of 7, (Y).
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