A Matched Alternative Direction Interface (ADI) Method For Solving Parabolic Interface Problems
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Abstract « u} Approximation

Interface problems are a large class of problems that study the change of a physical quantity in Physics, Biology, =
Engineering or Materials, such as heat or electrostatic potential, as It propagates across a material interface. Due  i+1
to the Irregularly shaped interface, solutions to interface problems can only be found numerically. However, for

lllustration of the MIB grid partitions. (a) For a regular
Interface. (b) For a corner point. In both figures, the jump
conditions will be discretized by using fictitious (open
circles) and function values (filled circles). In (a), the
approximation of u; is also shown, i.e., it is approximated
by two auxiliary values (open sguares), then interpolated
by six function values (filled squares).

the very same reason, classical numerical methods cannot deliver accurate estimations, or may fail entirely. A z
new numerical method is necessary for solving interface problems efficiently and accurately. In this project, we  j-1
present our recent study of a well-tuned matched Alternative Direction Interface (ADI) method for solving two-
dimensional interface problems with the most general of physical interface jump conditions. We also plan to
present our recent improvements on the efficiency, accuracy, and stability of the proposed method.

i-1 | i+1
 Recent Improvements

a) Change the temporal discretization formula from 15t order to 2" order by replacing the Douglas ADI method
with the Peaceman-Rachford ADI method while maintaining unconditional stability.

Parabolic Interface Problems and Their Applications b) Improve the approximation of u; by separately approximating tangent line t when it is exactly vertical or
horizontal.
The parabolic interface problems are mathematically described by: ' r c) Make spatial approximations in both Q*and Q~ by utilizing w7 in addition to u} .
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where u(x,t) is a function of interest, a is the diffusion coefficient, and f is a source. Proper boundary
conditions are prescribed on 9€Q. The domain Q is split into two media Q™ and QF by a material interface T
Across the interface I', the diffusion coefficient « Is discontinuous, while the source term f may be even singular.

AYTI

Mitochondria P e, ORI R R R R
T e
ce

: “..T_
——— , = 1 . . . . . -3.0 1
~ Penne’s Bioheat Equation which is used in Poisson-Boltzmann Equation for modeling ~ The Cable Equation which is used to model .l || 32 1 ] =
Magnetic Hyperthermia, a promising cancer electrostatic interactions of complicated electric potentials in Cardiac muscle cells > | iz .
treatment protein molecules o N I . / /
.25+ |
_ _ _ - X -4.0 —:— jg"
A Matched Alternative Direction Interface Method 3o I A JJ
: — 0.25! ! d:: e AT A
« Temporal Discretization - Douglas ADI scheme o5l | | - SN -
1 -5.0 . ::1[-:31.8:1144 PI;-TA’U:I:, 1.3952
(G = A8y = (G + Aty Jufy + A5 ) e | R o S e . SRR R R
S k+1 1 — -1-1 -0.75 -0.5 -0.125 0 0.;’25 0.5 0.75 1 -5.4-2.3 22 -21 -::|.o -1|.9 -1|.s -1.7  -1.6 -1.5’ :1.4 -1.3 -4.5'4-0 '3--5 '5-0 '2--5 'i-o '1--5 '1-0 "5-5 f;-o
(a Atd}’y ) L] ,J Atd}’y u L,j (4) X-axis LOG(DX) tos(en)
At - time Increment 8, 8, - finite difference operators in x- and y- directions | e :
« Spatial Discretization — I\/Iat_ched Interface and Bc_)undary (MIB) mgethod e [ | ™ EHAE " 7/-;74'“&'i
» Use the standard central difference formula on grlds away from the interface 5 |INNE N / ;
k — 1 k 3.4 aiin A = -1.0
Sxxui,j ) (ui—l,] o ZU. + u1+1,]) (5) s || Eas / f‘:;/ 2 15 /
5k L( ko o ) 5 2 | [E* N ? /%
yyui’j = 2 ui’j_l u u i,j+1 ( ) -0.25 - : -4.3 i o |
- . -, = 4.6 I . ~ ~®-D-ADI, 1.5075
* Incorporate the derived jump conditions - o 1 s OIS /
[auX] — lpcose - Sine (a-l_ —_ a_)u;l; - Si?’l@ [a_¢'l'] — lp (7) -0.75 —r — 0.5 | 0.1 #sinf{d0 % ¢),0 < ¢ < 2| -5.2 ::2:2:;?2?;01 :::Z :E::}:;:cf:;;n
[auy] — 1/) sin@ + co SH(C(-I_ — a_)ufl_l' — cosB [a_gbl_] t= 1/) (8) 075 05 -0.125x_$xi80.'25 05 0.75 1 23 22 21 20 a9 B AT 16 A5 a3 T eeen
to correct the central difference formula on grids close to the Interface
— k ._ k k
RTLe (ul 1j = 2UL UGy ) OF Sxxllij =75 (ui_l’j — 2uf + U 1) (9) References
I I [1] Zhao S. (2015) A Matched Alternating Direction Implicit (ADI) Method for Solving the Heat. Equation with Interfaces. Jogrnal of Scientific Computing (2015) 63: 118. doi:10.1007/s10915-014-9887-0
Syyuty = o (Whoy = 2uf; +uljpy) or Syuly = (wfyoy —2uf; +af5,,) (10 211, and 210 & (2016)A et Poscoman Ractfod ADI et or St Pl ntefa Proles. Sumited
~k+1 ~k+1

where ;7 and @; ;4 are additional “fictitious values” on grids.



